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This lecture’s notes illustrate some uses of various KTEX macros. Take a look at this and imitate.

24.1 Sparse PCA

In the last class we had looked at sparse PCA.

Let Xy,..., X, vrd (0,%), where X; € SG4(||X||op) for all ¢ € {1,...,n}. We assumed a spiked covariance
model ¥ = vvT + I, where 0 > 0, € S~1 and ||v||o < k < d/2 serves as the structural assumption of
sparsity. Now let

. 1 <&
S, = E;XiXiT

One of the solution approaches to find 7 is,

e argmax 075,06 (24.1)
fesd—1
ll61lo<k’<d/2

such that k' < k. We reasoned that it is intractable in practice due to high computational costs, and
established a bound as shown in the following theorem.

Theorem 24.1 Given the spiked covariance model described above along with the conditions on 6 and v,
and let U be defined as in 24.1. Then with probability at least 1 — 4, 6 € (0,1):

1
i -0 s

where C' is a constant, 0 is the eigengap and

(k+ k) log kiek, +log (%)

n

n =

Proof: Continuing from last class, we saw that
Osin®(ZL(v, 1)) < (S5 — s, 507 — vgv])

Using the Holder inequality with the p-Schatten norm,

0sin?(£L(v,0)) < ||8s — Ssl|oo||Ps2 — verT |1 (24.2)
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Where || - || is the Lo,—Schatten norm, equivalent to the operator norm. || - ||; is the 1-Schatten norm.
Focusing on the 1-Schatten norm,

[0l — vy < V2||pspT — vevT||y  [using Cauchy-Schwarz inequality]
= \/iuf/sf/sT - VSVZHF

Note that from hereon, we can remove the restriction to s, as we work with the eigenvector v. As an exercise,
the readers are asked to convince themselves of the fact that ||0,07 — vl ||p = /1 — (vTD)2 (It can be
done with the fact that ||A||2 = (A, A)). Using this fact, we have now,

19s07 = ver |l < 4/2(1 = (WTD)2)

= /2sin® (L(v, D)) (24.3)

Substituting Equation 24.3 in Equation 24.2, we get
0sin®(£ (v, 7)) < [|5s — S| |opy/ 25102 (£(v, D))
Osin(Z(v,0)) < V2[|Zs = Bsllop (24.4)
Next, as we saw before,

. ~ 2 .. 2 ~
min v—v||* <2sin” (L(v, v
min e = v][* < 2sin (Z(,7)

We can use this to bound Equation 24.4. Therefore, we get

NI

min v—v|| < —|Es - X a.s. 24.5

min, b = o]| < GE, — By (24.5)

It should be noted here that, it is possible to reach this point in the proof using the Davis-Kahan theorem.
It is not possible to use a concentration inequality for ||X; — 3,||op as X is not a fixed matrix, it is random.

Hence, to solve it we use the sup-out argument to write,

8 ~
i D — v < — YXr—%
B P
st |T|<k+k’

At this point, if we knew something about the way s is selected, we could have a better bound. However,
here we get a union bound.

) d / n t\? ¢

IED E _ Z ) >t E . < 9k+k _ - J— 246
Tg?ﬁ?(.,d} 1% Tllop = t|Zlop | < (k+k’) exp 2 max 32/ 732 ( )
st |T|<ktk’

Here we get the (kfk,) term by counting all the possible choices of T', and the rest of the bound by fixing T’

and and constructing an e-net for the operator norm. Now we use the fact that

d de ¥
< -
(o) = (755
de

2
A n t t
P S —=27llop Z tE]|op | < —— — | ,= k+K)1 k+ k)1
e 9 = Srlop 2 115 _exp{ Qmax{<32) 32}+< K089 + (k + >ogk+k,}

st |T|<k+k’

to bound Equation 24.6.

(24.7)

It should be noted that in Equation 24.7 the bound does not depend on d. The proof is completed by setting
the RHS in Equation 24.7 to é and solving for ¢. [ ]
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24.2 Uniform Law of Large Numbers (ULLN)

Let X1,..., X, g 1, then Law of Large Numbers says that

o1 n p
Xn_ﬁ;)g—w

This is often times not enough, as we might want to estimate the Cumulative Distribution Function (CDF)
well at all points x € R, as illustrated in the following example.

Example. Let X4,..., X, e p with CDF F where

F(z) =P(X; < 2) (24.8)

Fixing = € R, to estimate F'(x) we can use the empirical CDF,

n

Fuw) = = S 1{X: <) (24.9)

i=1

Note that Y i | 1{X; < z} ~ Binomial(F(z),n), which has mean nF(x). Hence, we can say that Eo(z) 5
F(z). In fact we can get finite sample bounds, but it is not enough if we want to estimate F(-) well, at all
points x € R.

Theorem 24.2 The Glivenko-Cantelli Theorem

sup |Fy,(z) — F(z)] =% 0
z€R

where the empirical CDF, Fn(x), is defined as in Equation 24.9 and F(x) is the true CDF as in Equation
2/.8.

This is transitioning from the law of large numbers to the Uniform Law of Large Numbers (ULLN) which
we will see in the next few sections.

24.3 More abstract version

We are going to be referencing a lot of empirical process theory here. For more details the reader is refered
to [VW96].

Let p be a probability distribution over some space X'. Let F be a class of functions of the form f: X — R.
And finally, let X1,..., X, “i P The empirical measure associated to Xy, ..., X, is the random probability
measure of the form

ACX — P,(A)
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where .
Pu(A)= -3 1{Xi € 4)
i=1
For f € F, let
P(f) =E[f(X)]
and

1 n
&m=52ﬂ&)
=
where X ~ p. So, our target is to evaluate the quantity

|1Pn — Pll7 = sup [P, (f) — P(f)]
feF

which is the suprmum of empirical processes. Back to the example of estimating the CDF F', we have

F ={1(—o0,z],z € R}
When f(-) = 1(—o0,z](-), then we can write
P(f) = E[1(=o0, z](X)] = P(X < z) = F(z)

It can be similarly argued that

and finally from Glivenko-Cantelli theorem,

sup|E, (¢) — F(z)| = sup [Pu(f) = P(f)] = [P — Pll (24.10)
z€R feF

To see more, the reader is directed to Section 4.2.1 of [W19).

24.4 ULLN using Rademacher complexity

We can interpret the Rademacher random variable (e) as essentially being a random sign (it takes values +1
and —1 with probability 0.5). We will use this fact in this section to quantify the magnitude of class F.
Let us fix F and the n-tuple 7 = (z1,...,z,). Let

F@t) ={(f(@1),..., f(zn)) € R"}
for f € F and f CR". The empirical Rademacher complexity of F at ] is

§jf@nq]
i=1

1
Rn -F l,n = Ee: €1,..45€n sup —
(F(@1) = Beeg ,,,>L€gn

and the Rademacher complexity of F is
R (F) = E[Rn(F(XT))]

1
=Exp, [sup — Z f(Xi)ei
i=1

fern

Now if we can show that if R,,(F) — 0 then we get ULLN. Note the following theorem which we will explore
in the next class, towards this end.
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Theorem 24.3 Let F be a class of real valued functions on X such that ||f||ec = supgex [f(2)] < b < o0
for f € F. Then the

t2
P(||P. — Pllr <2R,(F)+t)>1 —exp{—;LbQ}

Here we can see that if R, (F) — 0, then ||P, — P||z 2 0
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