Lecture 17: March 26
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Lecturer: Alessandro Rinaldo Scribes: Afra Feyza Akyirek

Note: LaTeX template courtesy of UC Berkeley EECS dept.

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal pub-
lications. They may be distributed outside this class only with the permission of the Instructor.

This lecture covers slow and fast rates for the Lasso with the restricted eigenvalue condition.

17.1 Slow rate for the Lasso

Last lecture we proved Theorem [I7.1] which is known as slow rate for the Lasso.

Theorem 17.1 (Theorem 7.5 in the book.). Let X € R"®? and 5* € R? an unknown vector in the
XTe ~
standard linear model y = XB* +e€. If A\ =\, > H%, then any lasso solution Biqsso Satisfies,

K
MSE (Brasso) = - < 418"l A

Let’s compare MSE(BAMSSO) to the MSE(BAE,SS) for best subset selection.

MSE(Bbss) S HB*HO g

2109(ed/0) i1 brobability > 1§
n

M SE(BBSS) is almost optimal except the log term. Note that Theorem is a deterministic
result. In order to turn it into a more practical one, we ask the question: When can we get w.h.p.
that

T
o X

where X; is the i’th column of X? Assume max; || X;|| < vCn for some C > 0 (*), then,
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X7 T
» (H Il >> :P(_max X7l >t>
n 1=1,...,n n

=P ( max | X7 e > tn)

i=1,...,n

d
< Z P (|X] el > tn) (Union Bound)

d T
4 12Xl — 12Xl

T
(‘H)géi‘ € SG(UQ) is unit vector)

(Using bound on SG variable and (*))

Then set RHS equal to § and solve for ¢. Setting t = \,, = \/¥ (log(2d) + log(1/6) yields that

XTe
% with probability > 1—4. Plug this into MSE for Lasso, then with probability > 1—4,

An =

202C

n

MSEunse) < 418", 22 (lag(2d) + log(1/).

Note that this MSE still vanishes, but at a slower rate than BSS. It’s off by a square-root. To
further improve on M SE(Bj4ss0), we put additional assumptions on the design matrix.

17.2 Fast rates for the Lasso

XTX

To obtain a faster rate of convergence we need stronger assumptions on

Definition 17.2 (Restricted Eigenvalue Condition (Re(a, k,S))). For S C{1,...,d}, S # 0 and
a>1, let

Co(S) = {A e R || Age ||, < a|As]l} where S¢={1,...,d}\S.

Then, we say that X € R™? satisfies REC with respect to S C {1,...,d} and parameters o > 1
and K > 0 if

1
SIXAIP 2 RAIP VA € CalS)
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Intuition: Set A = Blasso — *. Then % ||XA||2 is the MSE of Blasso. The function z — M

2
can be very flat in the sense that w can be small but A can still be large.

T . . .
If 2-X has a minimum eigenvalue bounded away from zero, then

) XA
AT < —F ey

which requires that % > Amin > 0, VA € RY.

Theorem 17.3 (Theorem 7.2 in the book.). Assume that X satisfies REC w.r.t. Re(o, k,S) where
TE

S is the support of B*, then if A\, > 2%, any lasso solution satisfies,

[X(Brasso - 8

MSE(Blasso) = < 9/\2@
n K
where 9N2 181 ~ 1187llg o®(og(d)+log(1/9) 0 4
~ . 3
Blasso - B < ;\/EAH

Also note that |S| = [|8*||,-

Proof. We first need to show that A = 3 — 8* € C3(S). By optimality of /3, it holds that

S XA 8], < o Iy = X80+ A8

By rearraging, we obtain that,

eTXA
n

%87 < X2 g, 3]

Since * is S-sparse, i.e. supp(8*) =S,

181 = 181l = 11851l — 1185 + Asl1 — [|Bs<]x

= [18sll = 1185 + Aslh = [|Ase[lx ) ) )
(Since [[B][x = [|Bs |l + [|Bse[[1)

So, by Holder’s Inequality, it holds that,
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Xl
= A, + 20,

1
L xal? <2
n

Now, using the facts that

L ||IBs + Aslly = [[Asll = 1As]l,

T
2. QM <\,

n

1
-~ XA < [[|As|li + [|Asel +2[|Asl1 — 2||Age|li]
= A OllAs]lr = [|Ase]l1)
~—

A€eC3(S) >0
Next,
An BllAs]l1 = [[Ase[[1) < An3[|As];
< 3A VS| As
[ XAs]
<3MN|S|——=—
<V
Thus,
1 5]
— || XA < 3A\\/ —
T XA <3
taking square of both sides gives
1 S
Lixap <ozl
n K
as claimed. Similarly, for the second part
XA 5]
kAl < < 3\,
f H || REC \/H Above bound \/E

So, with probability > 1 — §,
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(by REC)

T VI1S] 3 ¢wmm+w¢v®
1A =118 =871l < 33 £ (/1180 .
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