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2.1 Examples regarding last lecture

Example 2.1 (Linear Discriminant Analysis) Let P; ~ N(u;,%),5 = 1,2 and X € R? with distribu-
tion P,. Goal: test Hy : P, = P, vs H, : P, = P5. Let’s use the Likelithood Ratio test statistic (log%(X)),
in which we reject Hy if LR > 1. This is equivalent to (X ) =< puy — pg, X~ H(X — Bzk2) > < 0. Assuming
P, = .5P; + 5Py, the overall error Err(y) = 5P (¢(X) < 0) 4+ .5P3(¢p(X) > 0).

If ¥ =1, we have ¢(—7/2), in which v = ||p1 — pz|| and ¢ the cdf of a normal(0,1). Now, observe n samples
from P, Xq,..., Xy, and n samples form Py, Y1,...,Y,, and let fiiandfiz be the respective sample means.

Using the plug—ifl rz;le, P(X) 2:< fin — fio, (z — %) Z< 0 and evaluate zﬁs error Err(¢). It’s possible to
- o dn _ . _

show that Err(¢) — @(72\/m), where a = limy, o0 5. If = 0, then = higher error. If a = oo, then

212,

Example 2.2 (Many normal means problem) Let X ~ N, (u,I,),n € R,d = n.

Under square error loss, the mle X is not optimal estimator of p (n > 3). (Option: use James-Stein
estimator.) Now let’s think about the problem of testing Ho : 1 =0 vs Hy : u # 0, which is equivalent to

H() N m?:lHOi VS U?:l Haia

in which Ho; : p; =0 and Hy; @y # 0. Two cases:

1. needle in haystack problem: there ezistis one coordinate such that p; # 0 and p; = 0,5 # 1.
Optimal statistic is max; | X;| > to and it is optimal if p; > (1 — €)\/2logn for any fized o and any
€ > 0 fort, = v/2logn. (Optimal here means that power goes to 1 asn — oo. ) If ;] < (1 —€)y/2logn,
any € > 0, then the sum of type I and type II errors goes to 1 for any test as n — oo.

2. signal is weak but spread out: use x? - test statistic and reject if || X||? is large.

2.2 Basic concentration inequalities

Motivation: Xy, ..., X, ~ (,02), iid, X,, & p, X,, = p+0,(1). We want to know how fast, V¢, P(| X, —u| >
t) — 0.

By CLT, @(Xn — 1) 4 Z, Z ~ N(0,1), so it’s root-n consistent (X,, = u + Op(1//n)).
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Ve > 0,3t = t(e) and N = N(e,t) s.t. P(|X,, — pu| > to/\/n) < e. Then, lim,, P(@()_(n —u) >t) =
P(Z > t) < 5e7/2 (HW1).

Goal: Xi,..., X, independent. Let Z = f(Xy,... X, ). We want to establish upper bounds on P(|Z—m| > t)
for some m (E(Z), median(Z),...) at each finite n. Typically, f(X) = Z:% We want to be agnostic with

respect to the distribution of X1,...,X,.
2.2.1 Basic bounds

e Markov: Let X >0 and ¢t > 0. P(X >t) <E(X)/t.

e Chebyshev: Let X be a RV with finite variance and ¢t > 0. P(|X — E(X)| > t) < V(X)/t2. Also,
P(|X —E(X)| > t) < mingen(X — E(X))*/tF.

2.2.2 Chernoff bounds

Let ¢ > 0 and assume that the function A € R + ¢x_,(\) = log(E(eMX~) exists YA € (=b,b),b < occ.
Then, for all A € [0,b),

P(X —p>t) = P *r>¢)
< P(e)\(Xfu) > eAt)
< B[ m]eM
ERTSEOVESY;
= P(X—p>t) < exp—tx_,(1),

where ¢% |, = Supy¢(o.) eM=Yx—n(A),

In fact, we can extend the supremum over all A € (—b,b) because ¥x_,(0) = 0,9%_,(t) > 0,V¢, and
x_pu(X) > AE[X — ] by Jensen’s inequality. Now we can get a concentration inequality:

P(IX — | > 1) < 2exp ik, (0).

Example 2.3 (Normal) X ~ N(u,0?).
E[e?M] = ehA+o*N/2 N e R,
SUP\> At — Yx—pu(A) = % = P(|X —u|>t) <2exp %

2
SUp;>( P(Z >t)exp ;7

Remark: bound is of the form ci exp —t%co, so we call it a Gaussian tail bound.

Definition 2.4 (Sub-gaussian RV) A R.V. X s. t. u = E[X] exists and is sub-gaussian with parameter

02, X € SG(c?), when E[eMNX~M] < exp >‘22"2 VA eR

Remarks:

1. X € SG(0?), then —X € SG(0?)

2. Repeating the calculation for gaussian case: Vi > 0, P(|X — p| > t) < 2exp 2‘%2
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3. For R.V. X, let 0 = 0(X) = inf,5¢ : Elexp AM(X — p)] < exp )‘QQUZ,V)\ € R. It turns out V(X) < o2
and, in some cases, V(X) < o2 .

Properties of SG(a?):

L V(X) <o
2. ifa < X — < b, a, b finite, then X € SG((552)?);
3. if X € SG(0?), then aX € SG(a?0?),a € R;

4. if X € SG(0?) and Y € SG(7?), then X +Y € SG((o + 7)?). If X and Y are independent, X +Y €
SG(o? + 7).



