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10.1 From previous lecture

Theorem 10.1 Let (X1,...,X,) “d SGy(0?), and cov(X;) = X Vi = 1,...,n. Then there exists some

constant C' > 0 such that
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Proof: Let {v1,...,v,} € S%"! be a minimal } covering of S*~*. Then, letting ¢ > 0, we obtain
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for the RHS smaller than § € (0,1), we obtain
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Quick extension
1
Assume X; = X2 Z; where Z; is positive definite (PD), Z; € SG4(1), and V(Z;) = I4; then X; € SGq(([X]],,)-

Therefore
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Now the rate for ||, — EH depends on |||, instead of o2,
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10.2 Matrix concentration inequalities
Theorem 10.2 (matrix Bernstein inequality) Let Xi,..., X, be mean-zero, independent, symmetric

dxd random matrices such that || X;l|,, < C a.e. for some C > 0. Then, Vt > 0,
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where 0% = sznzl E[XE]H
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Notice that for d = 1 we recover the usual Bernstein’s inequality.
Matrix Bernstein inequality has many applications: randomised algorithms for fast SVD, sparsification and
matrix subsampling, dimensionality reduction, combinatorial optimization.

Warm-up
Let A be a d x d symmetric matrix, and consider its SVD form A = UAUT = > NUUE.
A few facts:

e if A is positive semi-definite (PDS), then \; >0, Vj =1,...,d;

e letting ST be the cone of PSD matrices, if A € ST, then a4 € ST Va > 0;
e if B— A is PDS, then the PSD order is expressed as A < B;

o let f:R—R, then f(A) = Uf(NUT =%, fF(A)uul.

Remember that for two matrices A and B, A < B implies As; < Ap,; Vi = 1,...,d only if they share the
same eigenvectors. For instance, A < I; <= UAUT < UU".

Examples:

e exponential: exp(A) =T+ >, ‘%i, which follows from the definition of function on a marix;

e exponential-logarithm: log(exp(A)) = A, ie logarithm is the inverse function of exponential. However,
exp(log(A)) = A only if A € ST;

o trace:tr(A) = Z?:l A= Z?:l Ais
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e transfer function property: f,g: I — R s.t. f(z) < g(x) Vo € I; then f(A) X g(A);
e trace-exponential inequality: if A < B, then tr(exp(A)) < tr(exp(B));

e logarithm is operator concave: if 0 < A < B, then log(A) < log(B).

Notice that exp(A + B) # exp(A) exp(B) if AB # BA.

Proof: Step I: bounding the MGF

For the symmetric d x d matrix A, [|A|,, = max{Amax(A), Amin(A)} = max{Amax(A4), Amax(—A)}. Therefore
it will be enough to bound Ay ax-

Set S =>"" | X;. Then, for t € R,

P(Amax () > 1) < e—AtE[e)\—/\max(S)]
= ¢ ME[Amax (exp{AS})]
< e ME[tr(exp{\S})]

= e ME[tr(exp{A Y _ X;})]
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Step II: Lieb’s inequality

An useful fact: let B be symmetric; the function AT — tr(exp{B + log(A)}) is concave on S*. Therefore,
letting Y = exp{X} € ST, it follows that E[tr(exp{B + logY})] < tr(exp{B + log EY'}) by Jensen.

Back to the proof: we obtain
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< e Mtr(exp {Z log(E[exp{)\Xi}])} .
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Such a result is what Tropp calls the master tail bound tail bound:

P(Amax(f: Xi 2 1) < inf {e‘“tr (exp {En: log(E[e ] }) } :
i=1

i=1



