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6.1 Maximal Inequality

Suppose we have Xi,---, X, with EX; = 0 and X; € SG(0?) for all i. Notice that here X;’s are not
necessarily independent! Another thing to keep in mind is that if X € SG(0?) and 72 > o2, then X; € SG(72).

It is easy to bound
P(max X; > t) or P(max | X;| > t).
1 1
We can simply use the union bound!
n

2
P(max | X;| > 1) Z (1X;| > t) <2nexp (—22> ,
% g

and to get a high probability bound, we can take ¢ = y/202logn. In the case of Gaussian variables, this
maximal inequality is fairly tight, even in constant.

In HW1, we considered

P(I£0 = Zallee 20 < D P(Ea(i,4) = Sali 5) 2 1),

1<z<J<n

where there are d - d/2 = O(d?) terms in the summation.

So far we have upper bounds for P(max; X; > t), and the following theorem provides an upper bound for
E[maxi Xl] .

Theorem 6.1. Let Xq,---,X,, be random variables such that
logE [e*¥] < 9(N), VA €[0,b), 0<b < oo,

with (-) convex on [0,b). Then

E[maxX] )\I[Ofb) {W} .
€
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Proof. Suppose A € (0,b), we have

exp { \E[max X;]} [By Jensen’s inequality]

<E {exp[Amax X;]} = E {maxexp[A\X;]} [Monotonicity]
<3 E[exp(AX)
i=1
<nexp(t(N)) [Assumption].
Taking log on both sides and dividing by A > 0 complete the proof. O

Example 6.2. Suppose X1,---, X, € SG(c?), then logE [e/\Xi] < P(A) for Y(A) = # By Theorem 6.1

1 Ao
E {max Xi] < inf {Og(mh}

1<i<n A>0 A

1 + 2log(n) Lz 21
< og(n) o2 2 [Set optimal value A = og(n)

2log(n)
\/ ~ o2

2log(n)

2log(n)
\/ T o2
= /202 log(n).

Briefly, E [maxi<;<, X;] grows on the order of \/log(n).

]

o2

The following result, Lemma 2.1 in [Ma07], provides an approach to compute infx¢[o,) {M}

Proposition 6.3. If v is conver and differentiable on [0,b) with ¥(0) = ¢'(0) = 0, which is true if ¢ is the
logarithm of MGF of a centered RV, then Vu > 0,

inf

=inf{t>0:¢"@) >
it | =iute = 0:0°0) 2 0,

where

Pr(t) = sup {xt —9P(A)}.

A€[0,b)

Note The expression *~!(u) :=inf{t > 0:¢*(t) > pu} is called the generalized inversion of ¥*. For more
details, including how to compute 1*~!(u), see [MO07] or [BLM13].

Example 6.4. If ¥(\) = %, A€ [0,1/b), then v* () = \/2v2u + bu for u > 0, thus
E[max X;] < +/2v2logn + blogn.

Specifically, if X; ~ Xf,, then
E[max(X; — p)] < 24/plogn + 2logn.
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6.2 Bounded Difference Inequality

So far we have considered concentration inequalities for Y | X;. Suppose now we are interested in Z =
f(Xq,--+, X,) here Xy, -+, X,, are independent.

Set ZO :]E[f(Xla 7Xn)]a
Zk:E[f(Xl, ’Xn)|X1’... ’Xk]7 k=1,---,n—1,
and Z,, = f(X1,---,Xn). Then we have
f(Xla"' 7Xn)_]E[f(X1a 7Xn)] :Zn_ZO :Z(Zk_Zkfl) :Z-Dk
=1 k=1

D;’s are called increments. Before we attack this problem, let’s introduce some important tools related to
martingales.

Definition 6.5 (Martingale). Let Fo = {0,Q} C F, C--- C F, C--- be a filtration. A sequence of random
variables {Zy }r=1,2,... is a martingale if

1. Zy is Fy measurable;
2. ]E[Zk‘./_'.kfl] = Zkfl, fOT k 2 2,’
3. E|Zk| < oo, for all k.

Example 6.6 (Doob construction). Consider Z = f(X1,---,X,) such that Z is integrable or E|Z| < oo,
and Fr, = o(X1, -+, X). Let Zy, = E[Z|Fy], then {Z} is a martingale.

Example 6.7 (Martingale Difference). If (Zy, Fi)k=01,.. 15 @ martingale, then the sequence of increments
Dy =2y — Zp
gives a new martingale such that E[Dy] =0 for all k > 1. We call {Dy}r=1,... @ martingale difference.

Theorem 6.8. Let {(Dy, Fi),k=1,2,---,} be a martingale difference s.t.

1
E [MP%|Fp_q] < X2 VAl < o (6.1)

almost surely. Then

1) Yi_, Dy € SE(X,, v3, maxy, ag);

2)

2expl - } < Tk
25, v [ 7 = maxy ag’
P(S Dyl > 1) < % e
2exp{—s—~t—1, t> =
k p 2maxg ak [ maxy ok
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Proof. 1). By the iterated law of expectation

E {e)‘ o Dk} —E {]E [eA Ther De |fn,1H
n—1

exp{A Z Dy }E [e/\D"
k=1

n—1
exp{\ Z Dk}eA2V3/2‘|

k=1

=EK

fng]

<E

_ MR [exzz;f Dk] | for]A] <
o

n

where we use the fact that exp{A Z:;ll Dy} € Fp—q1 and (6.1). Repeating the same procedure for k =
n—1,---,2, we can get

)\Zn D )\2 2Z’:l ”l%
E et &h=17F| <e 2, for|]A] < ——.
maxyg g

2) Use the property of sub-exponential random variables and 1). O

Corollary 6.9 (Azuma’s Inequality or Azuma-Hoeffding Inequality). Suppose {Dy}r=12... is a martingale
difference. If Dy € (ak,bx) almost surely for some ay < by, then

= 2t
P<ZD’“ ”)”ex"{‘w}'

k=1
Proof. Dy, € (ag,by) almost surely implies that for almost all w € Q, the conditional variable (Dg|Fi—_1)(w) €
(ak, bx) almost surely, where (Dy|Fr—1)(w) is defined using regular conditional distributions. By the Hoeffd-
ing’s bound, (Dy|Fr_1)(w) is sub-Gaussian with parameter o = (b, — ay)?/4, for almost all w. Therefore
by the definition of sub-Gaussian r.v. we have that for almost all w,

(bx — ay)? } '

E [exp{A(DxlFi_1) ()}] < exp {v .

By the property of regular conditional distributions (e.g., see [Du2013)),

E [eAka:k_l] (w) = E [exp{\(Dg|Fr—1)(w)}], almost surely.

Therefore
AD 2 (br — ar)®
E [e ’“|}"k,1] <expi A —s , almost surely.
Now let v = (b, — ax)?/4 and o, = 0 in Theorem 6.8 and we can prove the inequality. O
Now we can go back to the original problem, the concentration of Z = f(Xy,---,X,,), where X;,---, X,

are independent. Briefly speaking, if f is "well behaved”, then Z concentrates.

Definition 6.10 (Bounded Difference Property). A function f : R™ — R satisfies the Bounded Difference

Property if 3 Ly, -+, L, positive constants such that for all (z1,--- ,x,) in the domain of f and for all
ke{l,-- ,n},

sup |f(x17 e )xk—laxvxk+17 e axn) - f(x17 e 7xk—17ya'rk+17 Tt ;xn)l S Lk-

Y

This can be seen as a Lipschitz condition with respect to Hamming distance.
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Theorem 6.11 (McDiarmid’s Inequality). Let Xi,---, X, be independent random variables, f : R" - R a
function that satisfies the Bounded Difference Inequality, with constants L1, , Ly, and Z = f(X1,- -+, Xn).
Then

2
B(|Z ~ 2] > 1) < QGXp{ziLz}'

Proof. Recall the Doob construction and let Dy = E[Z] = E[Z|F], Dy = E[Z|Fy], for k = 1,--- ,n,
where 7, = o(Xy,---,Xy) and Fy = {0,Q}, then {Dg}r=12, . is a martingale difference. Moreover,
S Dy = Z —E[Z]. Let
Ak = Hmlf{E[Z|X1, cee 7Xk,1,1'] — E[Z|X1, cee 7Xk,1]}7
By, = sup{E[Z| Xy, -, Xg—1,2] = E[Z]| Xy, -, Xi—1]},
xr

for k=1,--- ,n. Then Dy € (A, By) almost surely for all k. By the Bounded Difference Property of f and

the independence of X, -, X,, we can show that By — Ap < Lj (see the notes for the next Lecture for
details). Apply the Azuma’s inequality to {Dy} and the result follows. O
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