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3.1 Review: sub-Gaussian random variables

A random variable X is sub-Gaussian with a variance factor σ2, denoted X ∈ SG(σ2), if

E[eλ(X−µ)] ≤ eλ
2σ2/2,∀λ ∈ R

where µ = E[X].

Remark 3.1

1) We always center X.

2) If X ∈ SG(σ2) then mgf of X − µ is uniformly bounded by mgf of N (0, σ2).

3) X ∈ SG(σ2) ⇐⇒ −X ∈ SG(σ2)

4) X ∈ SG(σ2) ⇐⇒ P(|X − µ| ≤ t) ≤ 2e−
t2

2σ2 (: another way to define SG)

: interesting if t is large.

3.2 Properties of SG

1) X ∈ SG(σ2) =⇒ V ar[X] ≤ σ2

In fact, V ar[X] ≤ σ2(X) where σ2(X) := inf {σ2 : E[eλ(X−µ)] ≤ eλ2σ2/2}
Proof:

By Taylor expansion and dominated convergence theorem,

E[et(X−µ)] ≤ eλ
2σ2/2,∀λ,

and hence

1 + λE[X − µ] +
λ2

2
E[(X − µ)2] + o(λ2) ≤ 1 +

λ2σ2

2
+ o(λ2),∀λ.

As E[X − µ] = 0,
V ar[X] ≤ σ2.

3-1



3-2 Lecture 3: September 5

2) If a ≤ X − µ ≤ b a.e. for −∞ < a < b <∞ then X ∈ SG(( b−a2 )2).

i.e., bounded random variables are sub-Gaussians.

Proof:

w.l.o.g., assume µ = 0. We will show that

ψ(λ)(:= log E[eλX ]) ≤ (b− a)2λ2

8
,∀λ ∈ R: Hoeffding’s bound

First, notice that V ar[Z] ≤ (b−a)2
2 .

Next, for any λ ∈ R, define a new random variable Zλ with probability distribution Pλ. s.t.

dPλ
dPX

(z) = eλze−ψ(λ), z ∈ [a, b]

Note that dPλ
dPX

is a density.

Now, a ≤ Zλ ≤ b a.e., and
V ar[Zλ] = ψ′′(λ)

Hence,

ψ′′(λ) ≤ (
b− a

2
)2,∀λ ∈ R.

Since ψ(0) = ψ′(0)(= E[X]) = 0,

ψ(λ) =

∫ λ

0

ψ′(µ)dµ =

∫ λ

0

∫ µ

0

ψ′′(ω)dωdµ

≤
∫ λ

0

∫ µ

0

(
b− a

2
)2dωdµ ≤ (b− a)2

4

λ2

2
=

(b− a)2λ2

8

3) X ∈ SG(σ2) =⇒ αX ∈ SG(α2σ2),∀α ∈ R.

4) X ∈ SG(σ2), Y ∈ SG(τ2) =⇒ X + Y ∈ SG((σ + τ)2).

Moreover, if X ⊥ Y , X + Y ∈ SG(σ2 + τ2).

Proof:

If X ⊥ Y , trivial.

If not, assume E[X] = E[Y ] = 0.

E[eλ(X+Y )] = E[eλXeλY ]

≤ E[eλX
σ+τ
σ ]

σ
σ+τ E[eλY

σ+τ
τ ]

τ
σ+τ by Hölder’s inequality

≤ (exp[
1

2
λ2(σ + τ)2])

σ
σ+τ (exp[

1

2
λ2(σ + τ)2])

τ
σ+τ

= exp[
1

2
λ2(σ + τ)2]

In H.W. 1, we will show that a similar result applies to
∑n
i=1Xi where Xi ∈ SG(σ2

i ): not necessarily
independent.

: use generalized Hölder’s inequality.
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3.3 Hoeffding’s inequality

Let X1, · · · , Xn be independent random variables s.t.

Xi ∈ SG(σ2
i ),∀i = 1, · · · , n.

Then,

P(| 1
n

n∑
i=1

(Xi − µi)| ≥ t) ≤ 2 exp [− n2t2

2(
∑
i σ

2
i )

]

because
∑

(Xi − µi) ∈ SG(
∑
i σ

2
i ).

If σ2
i = σ2,∀i then

P(|
∑
i(Xi − µi)

n
| ≥ t) ≤ 2 exp[− nt

2

2σ2
].

Without independence,

P(|
∑
i(Xi − µi)

n
| ≥ t) ≤ 2 exp[− n2t2

2(
∑
i σi)

2
].

Example 3.2 Suppose that X1, · · · , Xn are independent, and Xi ∼ Bernoulli(pi), pi ∈ (0, 1).

Then, Xi ∈ SG( 1
4 ),∀i.

By Hoeffding’s inequliaty,
P(|X̄n − p̄n| ≥ t) ≤ 2 exp[−2nt2]

where X̄n = 1
n

∑
iXi, p̄n = 1

n

∑
i pi.

With probability at least 1− δ, δ ∈ (0, 1),

|X̄n − p̄n| ≤
√

1

2n
log(

1

δ
).

In particular, setting δ = 1
nc , for some c > 0,

log(
1

δ
) = c log n.

Then,

|X̄n − p̄n| ≤ O(

√
log n

n
),w.p. ≥ 1− 1

nc
.

By CLT, X̄n − p̄n = Op(
1√
n

) where Xn = Op(rn) if ∀ε > 0,∃M = M(ε)andno = no(ε,M) s.t.

P(|Xn| ≥Mrn) ≤ ε

for n ≥ n0.

Remark 3.3 (Warning)

Hoeffding’s inequality is a great off-the-shell concentration inequality, and it can be sharp in some cases.

e.g., Rademacher random variable:

X =

{
−1 w.p. 1

2

1 w.p. 1
2
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Then,
V ar(X) = 1 = (variance of factor).

However, in most possible cases with constraints, it is no longer sharp. If you can, use Chernoff bound
instead.

e.g., for X1, · · · , Xn: independent Bernoulli(pi), you may want to use a multiplicative Chernoff bound:P(
∑
iXi ≥ (1 + ε)

∑
i pi) ≤

{
exp[− 1

3ε
2
∑
i pi], ε ∈ (0, 1]

exp[− 1
2ε

2
∑
i pi], ε > 1

P(
∑
iXi ≤ (1− ε)

∑
i pi) ≤ exp[− ε

2

2

∑
i pi], ε ∈ (0, 1)

If X1, · · · , Xn
iid∼ Bernoulli(p),

Hoeffding: P(p−
∑
iXi

n
≥ t) ≤ exp[−2nt2] → p− X̄n ≤

√
1

2n
log(

1

δ
)

Multi. Chernoff: P(p−
∑
iXi

n
≥ εp) ≤ exp[−npε2/2] → p− X̄n ≤

√
2p

n
log(

1

δ
)

w.p. ≥ 1− δ.

i.e., Chernoff bound is better if p < 1
4 and better in terms of rates if p→ 0 as n→∞.

Take home message: Use Hoeffding if nothing else works; however, if there is more information which
you can leverage, use other than Hoeffding bounds.

3.4 Equivalent characterization of SG(σ2)

TFAE:

1) E[eλX ] ≤ eλ2σ2/2,∀λ ∈ R

2) P(|X| ≥ t) ≤
√

8eP(|Y | ≥ t) where Y ∼ N (0, 2σ2)

3) E[ea(σ)X
2

] ≤ 2 for some a(σ) dependent to σ.

For more, see Vershynin’s book or David Pollard’s notes (to be posted).


