36-710: Advanced Statistical Theory Fall 2018

Lecture 3: September 5

Lecturer: Alessandro Rinaldo Scribes: Heejong Bong

Note: LaTeX template courtesy of UC Berkeley EECS dept.

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

3.1 Review: sub-Gaussian random variables

A random variable X is sub-Gaussian with a variance factor o2, denoted X € SG(0?), if
E[eAX 1] < M/2 va e R

where = E[X].

Remark 3.1
1) We always center X.
2) If X € 8G(a?) then mgf of X — p is uniformly bounded by mgf of N'(0,02).
3) X € 8G(0?) &= —X € 8G(a?)

4) X € 8G(0?) <= P(|X —pu|<t) < 26_;72(: another way to define SG)

: interesting if t is large.

3.2 Properties of SG

1) X € 8G(0?) = Var[X] <o?
In fact, Var[X] < 02(X) where 02(X) := inf {02 : E[MX -] < 0*/2}
Proof:

By Taylor expansion and dominated convergence theorem,
E[et(X—u)] < eA202/2’V)\7

and hence
A2g2

+0(A\?), V.

14 AE[X — p] + )\;E[(X — ) +o(N) <1+

AsE[X —p] =0,
Var[X] < o*.
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2) Ifa< X —p<bae. for —oo <a <b<oothen X € SG((%52)?).
i.e., bounded random variables are sub-Gaussians.
Proof:

w.l.o.g., assume p = 0. We will show that

(b—a)?\?

YN (= log E[eY]) < 2=

, VA € R: Hoeffding’s bound

First, notice that Var[Z] < %

Next, for any A € R, define a new random variable Z, with probability distribution Py. s.t.
dPy
dPx

(2) = *e VN 2 € [a, b]

Note that jg;

Now, a < Zy < b a.e., and

is a density.

VarlZy] = 4" (\)

Hence,
b—a

2

W) < (=92 v eR.

Since (0) = ¥/(0)(= E[X]) = 0
A A o
B(N) = / W (u)dp = / / " (w)duds

A bh—a (b—a)? X (b—a)®)\?
< 2 < - =
_A A( 2 Jdwdp < 4 2 8

3) X € SG(0?) = aX € 8G(a?0?),Va €R.

4) X € 85G(0?),Y € 8G(7?) = X +Y € SG((0 +1)?).
Moreover, if X LY, X +Y € 8§G(c? + 72).
Proof:
If X 1LY, trivial.
If not, assume E[X] = E[Y] = 0.

E
< E[e’\XUUJ]ULﬁE[e’\Y%T]ﬁby Holder’s inequality
< (exp[5 X2(0 + 7)) 7 (expl N (o + 7)) 75
= exp[gX2(0 + 7V
|

In HW. 1, we will show that a similar result applies to Y., ; X; where X; € SG(a?): not necessarily
independent.

: use generalized Holder’s inequality.
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3.3 Hoeffding’s inequality

Let Xq,---, X, be independent random variables s.t.

X; € SG(o),Vi=1,--- ,n.

Then,
1 « n?t?
P(l= D (Xi —pi)| =2 t) < 2exp [ =]
n ; 2(27, 01'2)
because Y (X; — ;) € SG(X, 02).
If 02 = 02, Vi then
> (X — i) nt?
P(I=F———1 > 1) < 2exp[-5 5.
Without independence,
Z(Xl — /J/z> n2t2
P(|=—|>1t) <2 —— |-
(S5 2 0) < 2ol )

Example 3.2 Suppose that X1, -+, X, are independent, and X; ~ Bernoulli(p;),p; € (0,1).
Then, X; € SG(%), Vi.

By Hoeffding’s inequliaty, -
P(IXn = Pul > 1) < 2exp[—2nt’]

where X,, = %ZZ X, pn = %Zipi.
With probability at least 1 — 6,6 € (0,1),

_ 1 1
— pn| <4/ —log(=).
| Xy — D] < znlog(é)

In particular, setting § = #, for some ¢ > 0,

1
log(g) = clogn.

— 1 1
n ne

By CLT, X,, — pp = Op(ﬁ) where X, = O,(ry,) if Ye > 0,IM = M (¢)andn, = ny(e, M) s.t.

Then,

P(|X,| > Mr,) <e

forn > ng.

Remark 3.3 (Warning)
Hoeffding’s inequality is a great off-the-shell concentration inequality, and it can be sharp in some cases.

e.g., Rademacher random variable:

b
Il
——
=
—
g £
SRS
N|— D=
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Then,
Var(X) =1 = (variance of factor).

However, in most possible cases with constraints, it is no longer sharp. If you can, use Chernoff bound
instead.

e.g., for X1, , X, : independent Bernoulli(p;), you may want to use a multiplicative Chernoff bound:

ex 7162 i Vi]s € 0’1
P Xi > (1463 pi) s{exﬁ{_zeéﬁ ei(l |

PO Xi <(1—e) X p) <exp-5 Y;pilec (0,1)

If X1, , Xy #d Bernoulli(p),

X = 1 1
Hoeffding: P(p — Zln > t) < exp[—2nt?] —-p-—X, < 1/% log(g)

X
>ep) < exp[—npe2/2] —p—X, <1/ —log
n n

\g|

%

Multi. Chernoff: P(p —

w.p. >1—4.
i.e., Chernoff bound is better if p < % and better in terms of rates if p — 0 as n — oco.

Take home message: Use Hoeffding if nothing else works; however, if there is more information which
you can leverage, use other than Hoeffding bounds.

3.4 Equivalent characterization of SG(c?)
TFAE:

1) E[e*X] < eM9*/2 yA eR
2) P(|X|>1t) <V8eP([Y|>t) where Y ~ N(0,202%)

3) E[e®(©)X*] < 2 for some a(c) dependent to o.

For more, see Vershynin’s book or David Pollard’s notes (to be posted).



