36-752 Advanced Probability Overview Spring 2018
6. Conditional Probability and Expectation

Instructor: Alessandro Rinaldo

Associated reading: Chapter 5 of Ash and Doléans-Dade; Sec 5.1 of Durrett.

Overview

In this set of lecture notes we shift focus to dependent random variables. We introduce
measure-theoretic definitions of conditional probability and conditional expectations.

1 Conditional Expectation

The measure-theoretic definition of conditional expectation is a bit unintuitive, but we will
show how it matches what we already know from earlier study.

Definition 1 (Conditional Expectation). Let (Q, F, P) be a probability space, and let
C C F be a sub-o-field. Let X be a random variable that is F /B measurable and E|X| < oo.
We use the symbol E(X|C) to stand for any function h : Q — IR that is C/B' measurable
and that satisfies

/th:/XdP, for all C € C. (1)
c c

We call such a function h, a version of the conditional expectation of X given C.

Equation (1) can also be written E(Ich) = E(IcX) for all C € C. Any two versions of
E(X|C) must be equal a.s. according to Theorem 21 in Lecture Notes Set 3 (part 3). Also,
any C/B'-measurable function that equals a version of E(X|C) a.s. is another version.

Example 2. If X is itself C/B' measurable, then X is a version of E(X|C).

Example 3. If X = a a.s., then E(X|C) = a a.s.

Let Y be a random quantity and let C = o(Y"). We will use the notation E(X|Y) to stand
for E(X|C). According to Theorem 39 (given in the Appendix), E(X|Y) is some function
g(Y) because it is o(Y")/B'-measurable. We will also use the notation E(X|Y = y) to stand

for g(y).



Example 4 (Joint Densities). Let (X,Y) be a pair of random variables with a joint density
fx,y with respect to Lebesque measure. Let C = o(Y). The usual marginal and conditional
densities are

foly) = / Fey (@, y)da

o fX,Y(iC,?J)

The traditional calculation of the conditional mean of X given Y =y is

9(y) = /l"fxw(flffy)dﬂ?

That is, E(X|Y) = g(Y') is the traditional definition of conditional mean of X given Y. We
also use the symbol E(X|Y = y) to stand for g(y). We can prove that h = g(Y') is a version
of the conditional mean according to Definition 1. Since g(Y') is a function of Y, we know
that it is C/B' measurable. We need to show that Equation (1) holds. Let C € C so that
there exists B € B! so that C =Y Y(B). Then Ic(w) = Ig(Y(w)) for all w. Then

/th = /Icth
c

_ / I5()g(v) fy (v)dy
= /IB(y)/a:fxw(x’y)dmfl/(?/)dy

= //IB Jxfxy (. y)dzdy

= E(IcX).

Example 4 can be extended easily to handle two more general cases. First, we could find
E(r(X)|Y') by virtually the same calculation. Second, the use of conditional densities extends
to the case in which the joint distribution of (X, Y") has a density with respect to an arbitrary
product measure.

All of the familiar results about conditional expectation are special cases of the general
definition. Here is an unfamiliar example.

Example 5. Let X1, Xy be independent with U(0,0) distribution for some known 6. Let
Y = max{X;, X5} and X = X;. We want to find the conditional mean of X given Y.
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Intuitively, with probability 1/2, X =Y, and with probability 1/2, X is the min of X
and Xy and ought to be uniformly distributed between 0 and Y. The mean of this hybrid
distribution is Y /2 + Y /4 = 3Y /4. Let’s verify this.

First, we see that h = 3Y /4 is measurable with respect to C = o(Y'). Neuxt, let C € C. We
need to show that B(XI¢) = E([3Y/4]lc). Theorem 21 of Lecture Notes Set 3 (part 4) says
that we only need to check this for sets of the form C' =Y ~1([0,d]) with 0 < d < 6. Rewrite
these expectations as integrals with respect to the joint distribution of (X1, Xs). We need to

show that 4 .
X1 3y 2y
—dxidxy = —~Zd 2
/0/092901902 0492% 2)

for all0 < d < 0. It is easy to see that both sides of Equation (2) equal d®/[26%]. Furthermore,

o 3Y/4 if Y is irrational,
10 otherwise.

is another version of E(X|Y).

Here is a simple property that extends from expectations to conditional expectations. It will
be used to prove the existence of conditional expectations.

Lemma 6 (Monotonicity). If X; < X5 a.s., then E(X{|C) < E(X5|C) a.s.

Proof: Suppose that both E(X;|C) and E(X,|C) exist. Let

Co = {OO > E(X1|C) > E(X2|C>},
O, = {oo=E(X1C) > E(X[C)}.

Then, for i = 0,1,

o< [ [E(X10) ~ ECXI)dP = / (X, - )P <0

It follows that all terms in this string are 0 and P(C;) = 0 for ¢ = 0,1. Since Cy U Cy =
{E(X;|C) > E(X2|C)}, the result is proven. u

2 Existence of Conditional Expectation

We could prove that versions of conditional expectations exist by the Radon-Nikodym the-
orem. However, the “modern” way to prove the existence of conditional expectations is
through the theory of Hilbert spaces.



Definition 7. An inner product space is a vector space V with an inner product (-,-) :
VY xV — IR, a function that satisfies

o symmetry: (u,v) = (v, u),
o bilinearity (part 1): (uy + ug,v) = (u1, v) + (ug,v),
o bilinearity (part 2): for real X, (A\u,v) = \(u,v),

e positivity: (u,u) > 0 for all u # 0, and (u,u) =0 if and only if u = 0.

An inner product provides a norm, namely ||u| = /(u,u) and a metric d(u,v) = ||Ju — v||.
These facts follow from some simple properties of inner products.

Proposition 8. Let V be a vector space with an inner product (-,-). Then

1. Parallelogram law: for all u,v € V, [Ju|® + ||v]|* = 5([lu + v[* + |u — v|?).

2. Cauchy-Schwarz inequality: for all u,v € V, |(u,v)| < ||u||||v||, with equality if and
only if u and v are collinear.

3. Triangle inequality: for all u,v € V, |Ju + v|| < ||ul| + ||v]|-

Definition 9. A complete (see Definition 7 in Lecture Notes Set 6) inner product space is
a Hilbert space.

Example 10. Let V = L*(Q, F, ). Define (f,g) = [ fgdu. This is an inner product that
produces the norm || - ||2. Lemma 9 of Lecture Notes Set 6 showed that LP is complete.

We prove existence of conditional expectations using orthogonal projection in Hilbert spaces.
The following theorem is a basic result in Hilbert space theory, and is proved in the Appendix.

Theorem 11 (Existence and uniqueness of orthogonal projections). Let V be a
Hilbert space and let Vy be a closed subspace. For each v € V, there is a unique vy € Vg
(called the orthogonal projection of v into Vy) such that v — vy is orthogonal to every vector
in Vo and ||[v — vg|| = infyey, ||v — w||.

Now, we can prove the existence of conditional expectations.

Theorem 12 (Existence of conditional expectation). Let (2, F, P) be a probability
space, and let Y be a random variable. Let C be a sub-o-field of F. If E(Y') exists, then there
ezists a version of E(Y|C).



Proof: It is easy to see that L?*(,C, P) is a closed linear subspace. If Y € L*(Q, F, P),
let Yy be the projection of Y into L*(Q,C, P). According to Theorem 11, E([Y — Y] X) =0
for all X € L*(,C, P), in particular for X = I for arbitrary C' € C.

If Y > 0 but not in L?, define Y;, = min{Y,n}. Then Y, € L?. Let Y, be a version
of E(Y,|C), and assume that Yy, < Yj,4+1 for all n, which is allowed by Lemma 6. Let
Yy = lim,_,o Y0, which exists (by monotonicity of the conditional expectation) and is
C-measurable. Thus, for each C' € C,

E(IcY) = lim E(IoY,),

n—oo

= lim E(IcYo,),
n—00

= E(IcYo),

by the conditional and unconditional version of the monotone convergence theorem. It
follows that E(I¢Y) = E(I¢Yp) for all C' € C and Yj is a version of E(Y'|C).

If Y takes both positive and negative values, write Y = Y™ —Y ~. If one of the means E(Y ™)
or E(Y ™) is finite then the probability is 0 that both E(Y |C) = co and E(Y ~|C) = co. Then
E(Y*|C) — E(Y|C) is a version of E(Y|C). n

The following result summarizes what we have learned about the existence and uniqueness
of conditional expectation.

Corollary 13. If Y € LY(Q, F, P) and C is a sub-o-field of F. Let Z € L*(Q,C, P), then

the following are equivalent.
1. Z=EY|C).
2. B(XZ) =E(XY) for all X € L*(Q,C, P).

3. Z is the orthogonal projection of Y into L*(2,C, P).

3 Additional Properties of Conditional Expectation

The following fact is immediate by letting C = F.
Proposition 14. E(E(X|C)) = E(X).

Here is a generalization of Proposition 14, which is sometimes called the tower property of
conditional expectations, or law of total probability.

Proposition 15 (William’s Tower Property). If C; C Co C F are sub-o-field’s and
E(X) exists, then E(X|Cy) is a version of E(E(X|C2)|Cy).
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Proof: By definition E(X|C;) is C; /B'-measurable. We need to show that, for every C' € Cy,

/CE(X|Cl)dP:/E(X|Cg)dP.

C

The left side is E(X 1) by definition of conditional mean. Similarly, because C' € C, also,
the right side is E(X1¢) as well. u

Example 16. Let (X,Y,Z) be a triple of random variables. Then E(X|Y) is a version of
E(EX|(Y, 2))[Y).

The following corollary to Proposition 15 is sometimes useful.

Corollary 17. Assume that C; C Co C F are sub-o-field’s and E(X) exists. If a version
of E(X|Cy) is C1/B'-measurable, then E(X|Cy) is a version of E(X|Cs) and E(X|Cs) is a
version of E(X|Cy).

Example 18. Suppose that X and Y have a joint conditional densily given © that factors,
fxyie(x,yl0) = fxe(x|0)frie(y]0).
Then, the conditional density of X given (Y,0©) is

x,y|0
Ixve(zly,0) = %

With C, = 0(0) and Cy = o(Y,0), we see that E(r(X)|Cy) will be a version of E(r(X)|Cz)
for every function r(X) with defined mean.

= fxje(z]6).

The next lemma shows that conditional expectation is linear.

Lemma 19 (Linearity). If E(X), E(Y), and E(X +Y) all exist, then E(X|C)+E(Y|C) is
a version of E(X +Y|C).

Proof: Clearly E(X|C)+E(Y|C) is C/B'-measurable. We need to show that for all C' € C,

/ E(X[C) + B(Y|C)dP — / (X + Y)dP. (3)
C C

The left side of Equation (3) is [, XdP+ [, YdP = [, (X +Y)dP because E(IcX), E(I¢Y)
and E(I¢[X + Y]) all exist. u

The following theorem is used extensively in later results.

Theorem 20. Let (2, F, P) be a probability space and let C be a sub-o-field of F. Suppose
that E(Y) and E(XY) exist and that X is C/B'-measurable. Then E(XY|C) = XE(Y|C).

6



Proof: Clearly, XE(Y|C) is C/B'-measurable. We will use the standard machinery on X.
If X = Ip for aset B €C, then

B(IeXY) = B(lonsY) = B(IensB(Y[C)) = E(Ie XE(YC)), (4)

for all C' € C. Hence, XE(Y|C) = E(XY|C). By linearity of expectation, the extreme ends
of Equation (4) are equal for every nonnegative simple function, X. Next, suppose that X
is nonnegative and let { X, } be a sequence of nonnegative simple functions converging to X
from below. Then

E(IoX,Y") = E(lcX,E(YT|C)),
E(IcX,Y") = E(cX,E(Y[C)),

for each n and each C' € C. Apply the monotone convergence theorem to all four sequences
above to get

E(IeXY™) = E(IcXE(YT|C)),
E(IcXY™) = E(cXE(Y™[C)),

for all C' € C. It now follows easily from Lemma 19 that XE(Y'|C) = E(XY|C). Finally, if X
is general, use what we just proved to see that XTE(Y|C) = E(XTY|C) and X E(Y|C) =
E(X7Y|C). Apply Lemma 19 one last time. u

In all of the proofs so far, we have proven that the defining equation for conditional expecta-
tion holds for all C' € C. Sometimes, this is too difficult and the following result can simplify
a proof.

Proposition 21. Let (Q, F, P) be a probability space and let C be a sub-o-field of F. Let D
be a w-system that generates C. Let'Y be a random variable whose mean exists. Let Z be a
C/B'-measurable random variable such that E(IoZ) = E(IcY) for all C € D. Then Z is a
version of E(Y'|C).

One proof of this result relies on signed measures, and is very similar to the proof of unique-
ness of measure.

4 Conditional Distribution

Now we introduce the measure-theoretic version of conditional probability and distribution.



4.1 Conditional probability

For A € F, define Pr(A|C) = E(14|C). That is, treat I, as a random variable X and define
the conditional probability of A to be the conditional mean of X. We would like to show
that conditional probabilities behave like probabilities. The first thing we can show is that
they are additive. That is a consequence of the following result.

It follows easily from Lemma 19 that Pr(A|C) 4+ Pr(B|C) = Pr(AU BJ|C) a.s. if A and B are
disjoint. The following additional properties are straightforward, and we will not do them
all in class. They are similar to Lemma 19.

Example 22 (Probability at most 1). We shall show that Pr(A|C) <1 a.s. Let B = {w:
Pr(A|C) > 1}. Then B € C, and

P(B) < / Pr(A|C)dP = / [4dP = P(AN B) < P(B),

where the first inequality is strict if P(B) > 0. Clearly, neither of the inequalities can be
strict, hence P(B) = 0.

Example 23 (Countable Additivity). Let {A,}2, be disjoint elements of F. Let W =
Y Pr(A,|C). We shall show that W is a version of Pr(|U,—; A,|C). Let C € C.

0|

= iP(CmAn)

= ; /C Pr(A,|C)dP

= /iPr(AMC)dP
Cn:l

- / WdP,
C

where the sum and integral are interchangeable by the monotone convergence theorem.

E[lole 4] = P(Cm

We could also prove that Pr(A|C) > 0 a.s. and Pr(Q2|C) = 1, a.s. But there are generally
uncountably many different A € F and uncountably many different sequences of disjoint
events. Although countable additivity holds a.s. separately for each sequence of disjoint
events, how can we be sure that it holds simultaneously for all sequences a.s.?

Definition 24 (Regular Conditional Probabilities). Let A C F be a sub-o-field. We
say that a collection of versions {Pr(A|C) : A € A} are regular conditional probabilities if,
for each w, Pr(-|C)(w) is a probability measure on (£, A).
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Rarely do regular conditional probabilities exist on (€2, F), but there are lots of common
sub-o-field’s A such that regular conditional probabilities exist on (£2,.4). Oddly enough,
the existence of regular conditional probabilities doesn’t seem to depend on C.

Example 25 (Joint Densities). Use the same setup as in Example 4. For each y such
that fy(y) = 0, define fxy(z|y) = ¢(x), the standard normal density. For each y such that
fy(y) >0, define fxy as in Ezample 4. Next, for each B € B!, let A= X"1(B), and define

/ fX\Y 33\9

for all y. Finally, define Pr(A|C)(w) = h(Y (w)). The calculation done in Example 4 shows
that this is a version of the conditional mean of I, given C. But it is easy to see that for
each w, Pr(-|C)(w) is a probability measure on (2, 0(X)).

The results we have on existence of regular conditional probabilities are for the cases in which
A is the o-field generated by a random variable or something a lot like a random variable.
Note that this is a condition on A not on C. The conditioning o-field can be anything at
all. What matters is the o-field on which the conditional probability is to be defined. There
are examples in which no regular conditional probabilities exist. These examples depend
upon the existence of a nonmeasurable set, which we did not prove. We will not cover such
examples here.

4.2 Conditional distribution

Let (2, F, P) be a probability space and let (X, B) be a measurable space. Let X : Q — X
be a random quantity. If A = o(X), conditional probabilities on A form a conditional
distribution for X.

Definition 26 (Conditional distribution). For each B € B, define jixc(B)(w) = Pr(X~1(B)|C)(w).
A collection of versions {jixc(B)(-) : B € B} is called a conditional distribution of X given

C. If, in addition, for each w, puxc(-)(w) is a probability measure on (X, B), then the collec-

tion is a regular conditional distribution (rcd).

Example 25 is already an example of an red.

Here is a bit of notation that we will use when we deal with conditional distributions given
random quantities.

Definition 27 (Conditional distribution given a random quantity). Let X and Y be
random quantities (defined on the same probability space) taking values in X (with o-field B)
and Y (with o-field D) respectively. Assume that D contains all singletons. We will use pxy
to denote the conditional distribution of X given Y with the following meaning. For every
yeY andw € Y '({y}) and B € B, we define pixy(Bly) = pxic(B)(w), where C = o(Y).
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Remember that a C/B'-measurable function like pixc(B) must itself be a function of Y.

That is, for all w, pxe(B)(w) = (Y (w)), where h: Y — R is D/B'-measurable. What we
have done is define pix)y (Bly) = h(y). We also use the notation Pr(X € B|Y = y) to stand
for this same value.

Here is a result that says that, in the presence of an rcd, conditional expectations can be
computed the naive way.

Proposition 28 (Expectation under RCD). Let (X,B) be a measurable space, and let
X : Q — X be a random quantity. Let g : X — IR be a measurable function such that the
mean of g(X) exists. Suppose that jix|c is an red for X given C. Then [ gdux|c is a version

of E(g(X)[C).

Just use the standard machinery to prove this result.

Very often, a conditional distribution of X given Y is proposed on the space X in which
X takes its values, and is given as a function of Y. To check whether such a proposed
distribution is the conditional distribution of X given Y, the following result can help.

Lemma 29. Let (Q,F,P) be a probability space. Let (X,B) and (Y,D) be measurable
spaces. Let By and Dy be w-systems that generate B and D respectively. Let X : Q2 — X and
Y : QQ = Y be random quantities. Let py stand for the distribution of Y and let puxy stand
for the joint distribution of (X,Y'). For each B € B, let hg : Y — IR be a measurable function
such that for all D € Dy and B € By, [, hpduy = pix,y(B x D). Then {hp(Y): B € B} is
a version of the conditional distribution of X given Y.

Proof: Let C =o(Y). Each hp(Y) is a C/B'-measurable function from € to IR. We need
to show that for all C' € C and B € B,

/ hp(Y)dP = P(C N X Y(B)). (5)
C

First, notice that F; = {C N X" Y(B) : C € C, B € B} is a sub-o-field of F and that both
sides of Equation (5) define o-finite measures on (€2, F;). We will prove that these two
measures agree on the m-system {Y 1(D)NX~"Y(B) : D € Dy, B € By}, which generates F;.
Then apply the uniqueness of measure. For D € Dy and B € By, let C = Y~}(D). It follows
that

/ hp(Y)dP = / hpduy = uxy(B x D) = P(C N X (B)).
C D

Theorem 30 (Existence of RCD for r.v.’s). Let (2, F, P) be a probability space with C
a sub-o-field. Let X be a random variable. Then there is a red of X given C.
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Proof: Define

c, = {w pxie((=o00,q))(w) = inf  pxe((—o0,7])(w), for all rational q} :

rational r>q

r——00, x rational

e = {us, i e((-ooa) =0},

e = fwiim evel(-ocae) = 1.

r—00, x rational

Let Cp = C1NCyNC3. In another course document, we give details on why P(Cy) = 1. For
w € (Cy and irrational x, define

pxie((—o0,al)(w) = inf  pxjel(~o0,ql)(w). (6)

rational ¢>x

Rational z already satisfy Equation (6) for w € Cj since Cy C C). If w € Cf, define
pxic((—o0, z])(w) = F(z), where F is your favorite cdf. For each w, we have defined a cdf
on IR, which extends to a probability measure on (IR, B'). This collection of probabilities
forms an rcd by construction. [ ]

Further discussions are given in the Appendix.

The following result says that RCD exists under bimeasurable mappings.

Lemma 31. Let X : Q — X and let ¢ : X — R € B* be on-to-one, onto, measurable, with
measurable inverse. Let Y = ¢(X). Let py|c be an red for'Y given C. Define jixic(B)(w) =
pyic(@(B))(w). Then pxic defines an red for X given C.

The proof of Lemma 31, along with some examples, are given in the Appendix.

There is a laundry list of properties of conditional expectation that mimic similar properties
of expectation. Proposition 28 can be used to prove some of these. Using Proposition 28
requires the existence of an rcd. Theorem 30 shows that an rcd exists for every random
variable.

Proposition 32 (Integral properties under RCD). Let C be a sub-o-field of F.

1. (MONOTONE CONVERGENCE THEOREM) [f0 < X, < X a.s. for alln and X, - X
a.s., then E(X,|C) — E(X|C) a.s.

2. (DOMINATED CONVERGENCE THEOREM) If X,, — X a.s. and |X,| <Y a.s., where
Y € L', then E(X,|C) — E(X|C) a.s.

3. (JENSEN’S INEQUALITY) Let E(X) be finite. If ¢ is a convex function and ¢(X) € L*,
then E[¢(X)|C] > ¢(E[X]C]) a.s.
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4. Assume that E(X) exists and o(X) is independent of C. Then E(X) is a version of
E(X|C).

Proof: We will prove only the first part. Let Xy = X and let X = (Xo, X1, Xs,...). Let
pxic(-) be a regular conditional distribution for X given C. That is, for each B € B> (the
product o-field for IR™) puxc(B)(-) (a function from 2 to IR) is a version of Pr(X € B|C)(-),
and for each w € Q, puxc(-)(w) is a probability measure on B*. Let L = {x € IR™ :
limy, o0 n = 20 }. Let C' = {w : pxic(L)(w) = 1}. We know that

1 = P(Xel)
= /MX|C(L>dP
c cc

= PO+ [ nxelLyar

where the first equality follows from lim,, ,., X,, = Xj a.s., the second follows from the law of
total probability Proposition 14, and the last two are obvious. If P(C') < 1, the last integral
above is strictly less than 1 — P(C') contradicting the first equality. Hence P(C) = 1.!
Define f,,(x) = x, for n = 0,1,.... For each w € C, lim,_, fn = fo, a.s. [ux)c(-)(w)]. The
monotone convergence theorem says that, for each w € C|

ti [ fucelde)@) = [ funxietda))
According to Proposition 28,
[ h@xelde)w) = E(,(0I0) = E(X.0)
[ hl@xelde)w) = BlAX0IC) = ECXolC).

It follows that lim,, . E(X,|C) = E(X|C) a.s. u

5 Bayes’ Theorem

Let (X, B) be a Borel space and let X :  — X be a random quantity. Also, let © : Q — T,
where (7, 7) is a measurable space. We can safely assume that X has an red given ©. Let
v be a measure on (X, B) such that ux|e(-|f) has a density fx|o(x|f) with respect to v for
all 6. Assume that fx|e is jointly measurable as a function of (z,0).

IThis illustrates a common technique in probability proofs. We integrate a nonnegative function f < 1
with respect to a probability P and find that [ fdP = 1. It follows that P(f =1) = 1.
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Theorem 33 (Bayes’ theorem). Assume the above structure. Then

fx(z) = / Ixie(x|0)due(0) is a density for px with respect to v. (7)
T
Also, pejx(-|x) < pe a.s. [ux] and the following is a density for pejx with respect to pe:
fxje(x0)
Olr) = ——F-—=.
ferx(8z) fx ()

Surprisingly, Bayes’ theorem does not require that (7, 7) be a Borel space. Nevertheless, we
get an red for © given X. The proof of Theorem 33 is given in another course document.

6 Independence and Conditioning

Recall that { X, }aex are mutually independent if, for all finite k£ and all distinct 41, ..., i; € N,
the joint distributions satisfy

X, X, = Hxg X X, -

i
Theorem 34. Random quantities {X,}aex are mutually independent if and only if for
all integers ki, ky (such that ki + ko is no more than the cardinality of X) and distinct

Uy ey Uhyy J1s- -y Jky €N, Hx; is a version of lx,

VAN X

19 ]k

Jk2 |X11 I

lkl

Proof: For the “if” direction, we shall use induction. Start with k = 2, i; # j; = 4o, and
ki1 = ko = 1. We assume that X, is a version of Hx; X, » SO

1x;, x., (B1 X By) = / px,, (B2)dpx, = px, (Bi)px,, (Bz).
By

So, X;, and X;, are independent for all distinct ¢; and i5. Now, assume that the “if”

implication is true for all & < ky. Let 7y, ..., 45,41 be distinct elements of N. Let k; = kg

and ko = 1. Let j; = ig,4+1. Then I is a version of BXip ) Xy Xy - Using the same
0 0

argument as above, we we see that Xu, ., Xiy, 4, are independent.
For the “only if” direction, assume that the random variables are independent. Let iy, ..., %, J1,. ..
be distinct. Let By be in the product o-field of the spaces where X;,,..., X; take their
values and let B; be in the product o-field of the spaces where Xj,, ..., X}, take their values.
We have assumed that
PXiy Xy, (B1 x By) = HXiy o Xy, (Bl)ﬂle,...,xjk2 (Ba)
= / HX Gy e X i, (Bz)dMX”, WX
By
This equality for all By and By is sufficient (by Lemma 29) to say that u X, X5, 1S @ version
2
Of 'LLX]I’ o ]k ‘Xll’ ’sz u
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Theorem 35. Two o-field’s C; and Cy are independent if and only if, for every C;-measurable
random variable X such that E(X) is defined, E(X) is a version of E(X|Cs).

Proof: We know that C; and Cy are independent if and only if, for all A; € C; (i = 1,2)
P(A1NAy) = P(A;)P(As). Notice that P(A;) = E(14,) is a version of E(14,|C2) = Pr(A44|Cy)
if and only if,
P(Al N AQ) = / P(Al)dp7 for all AQ € CQ.
Az

But the right side equals P(A;)P(As). Hence, we have proven that C; and Cs are inde-
pendent if and only if E(14,) is a version of E(14,|Cy) for all A; € C;. The extension to
all C;-measurable random variables is an application of the standard machinery (part 4 of
Proposition 32, which you are proving for homework). [ ]

The following definition is useful in statistics.

Definition 36. We say that X, X5, ... are conditionally independent given C if either of
the following conditions holds:

o Forallky, ke and distinct iy, ... 0k, J1s- -y Jkos HX, X, I 18 a version ofule X;, 10(C.X

..........

o For every k and distinct iy, . .., ik, fix; |c X = X [ix;, |c 1S @ version of HXi, X
Proposition 37. The two conditions in the above definition are equivalent.

Example 38. A sequence {X,,}°°, is called a Markov chain if, for alln > 1, (X1,..., X, 1)
is conditionally independent of { Xy }32,,.1 given X,.

Appendix
A Conditional expectation given a random variable

Theorem 39. Let (€, F;) for i = 1,2,3 be measurable spaces. Let f : Q1 — Qy be a
measurable onto function. Suppose that Fz contains all singletons. Let Ay = o(f). Let

g : Qy — Qg be Fi/Fs-measurable. Then g is Ay /Fs-measurable if and only if there ezists a
Fo/ Fs-measurable h : Qo — Q3 such that g = h(f).

Proof: For the “if” part, assume that there is a measurable h : Q5 — Q3 such that
g(w) = h(f(w)) for all w € Q. Let B € F3. We need to show that ¢g7'(B) € A;. Since h is
measurable, h~!(B) € F,, so h™}(B) = A for some A € F,. Since g~ }(B) = f~H(h7'(B)), it
follows that g~!(B) = f~1(A) € A;.

14
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For the “only if” part, assume that g is A; measurable. For each ¢ € Qs, let C; = g7 ({t}).
Since g is measurable with respect to A; = f~1(Fy), every element of g~ (F3) is in f~1(F).
So let A; € F, be such that C; = f~1(A;). Define h(w) = ¢ for all w € A;. (Note that
if t; # to, then A;, N Ay, = &, so h is well defined.) To see that g(w) = h(f(w)), let
g(w) = t, so that w € C; = f7'(A;). This means that f(w) € A;, which in turn implies
h(f(w)) =1t =g(w).

To see that h is measurable, let A € F3. We must show that h™'(A) € F. Since g is A,
measurable, g71(A) € Ay, so there is some B € F, such that g7'(A) = f~(B). We will show
that h='(A) = B € F, to complete the proof. If w € h™!(A), let t = h(w) € A and w = f(x)
(because f is onto). Hence, z € C; C g~ '(A) = f~1(B), so f(r) € B. Hence, w € B. This
implies that h™'(A) C B. Lastly, if w € B, w = f(z) for some z € f~}(B) = g *(A) and
h(w) = h(f(z)) = g(z) € A. So, h(w) € A and w € h™'(A). This implies BC h™'(A). =

The condition that f be onto can be relaxed at the expense of changing the domain of h to
be the image of f, i.e. h: f(;) — 3, with a different o-field. The proof is slightly more
complicated due to having to keep track of the image of f, which might not be a measureable
set in JFs.

The following is an example to show why the condition that F3 contains all singletons is
included in Theorem 39.

Example 40. Let Q; = IR for all i and let F; = Fy = B, while F3 = {IR,@}. Then every
function g : Q — Q3 is o(f)/Fs-measurable, no matter what f : Qy — Qo is. For example,
let f(x) =2 and g(x) = x for all z. Then g='(F3) C o(f) but g is not a function of f.

The reason that we need the condition about singletons is the following. Suppose that there
are two points t1,ts € €23 such that ¢; € A implies t, € A and vice versa for every A € F3.
Then there can be a set A € F3 that contains both ¢; and ¢5, and ¢ can take both of the
values t; and ty, but f is constant on g~!(A) and all the measurability conditions still hold.
In this case, g is not a function of f.

B Projection in Hilbert spaces

Theorem 11 is well known in finite dimensional spaces. The following lemma aids in the
general proof.

Lemma 41. Let x1,x9,x be elements of an inner product space. Then

lor = @al|* = 2l}wy — 2* + 2l|z2 — @[|* — 4| (21 + 22) /2 — 2|, (8)
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Proof: Use the relation between inner products and norms to compute

|21 — $2||2 = (z1,21) + (w2, 22) — 2(x1, 9),
2z — 2> = 2{(xy, 1) +2(z, z) — 4(xy, ),
20|z —2|* = 2(x2, 72) + 2(z, x) — 4(z2, T),
—4||($1+$2>/2—x||2 = _<$17$1>_<$2,I2>_2<ZE1,I’2>_4 x,x>+4<l’1,x>+4<$2,l‘>-
Add the last three rows, and the sum is the first row. [ ]

Proof: [Proof of Theorem 11] Fix v € V. Define g(w) = |jw—wv||* and let ¢y = inf,ey, g(w).
Let {v,}22, be elements of V, such that lim,, . g(v,) = co. We will prove that {v,}5°, is
a Cauchy sequence. If not, there is a subsequence, call it {y,}:,, and € > 0 such that
|Yn — Yns1]| > € for all n. For each n, use Lemma 41 with 21 = y,, T2 = Ypy1, T = v to
conclude that, for all n,

62 < Hyn_yn+1H2

= 2llyn = ol” + 2llynir — vl* = 4 Y + yo41)/2 = 0l (9)

Notice that lim sup,, ||y, —v||* = limsup,, ||yn+1 —v||* = ¢ and liminf,, |(y, +Yne1)/2—0|]* >
c2. Tt follows that the lim sup,, of the far right of Appendix B is at most 0, a contradiction.
Because V), is complete, it follows that {v,}2, has a limit vy. Because g is continuous,
|vo — v|| = co-

Next, let w € Vy be nonzero and define ¢ = (vy — v, w). Notice that
|law + vy — v||* = |lvo — v||* + 2ac + @*||w]|* > |Jvo — v]|?,

by the definition of vy. It follows that h(a) = 2ac + a?||w||?> > 0 for all a. But the function h
has a unique minimum of —c?/||w||* at a = —c¢/||w||?, hence ¢ = 0. So vyv is orthogonal to
every vector in V.

Finally, show that vy is unique. Suppose that there is vy such that |[v—wv|| = |[v—wo||. Apply
Lemma 41 with z1 = vy, 2 = vy, and = v. The left side of Equation (8) is nonnegative
while the right side is nonpositive, so they are both 0 and v; = vy. [ ]

C More on existence of RCD

We give further detailed discussion of the existence of RCD.
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C.1 More on the proof of Theorem 30

For each rational number ¢, let yix|c((—00, ¢]) be a version of Pr(X < ¢|C). Define

rational r>q

C, = {w pixie((—00,q))(w) = inf  pxie((—o0,7])(w), for all rational q} :

G = {us, i e(-oo.a)) =0},

r——00, x rational

e = {us, im ixel(-oeal)) =1},

r—00, x rational

(Notice that Cy and Cj are defined slightly differently than in the original class notes.)
Define
My, = {w: pxie((=00,q)(w) < pxie((=o0, (@)}, M = | My,

q>r

If P(M,,) > 0, for some ¢ > r then

PO 0 {X <a)) = [ pel(-oc,a)dP < [ pxel(-oc. )P

MQ:T qu

= Pr(M,,n{X <r}),
which is a contradiction. Hence, P(M) = 0. Next, define

Ny={weM®: lim  pxel(~o0,r(w) # pxel(—so. @), N =] N,

r , T rational
e All q

If P(N,) > 0 for some ¢, then

Pr(N,N{X <q}) = / NX|C((_OO7Q])dP</ lim  pxie((—o0,r])dP

N, N, " } g, r rational

- lim /MX|C((—oo,r])dP = lim Pr(N,N{X <r}),

r | q, r rational r | q, r rational

which is a contradiction. We can use Example 23 once again to prove that P(N) = 0. Notice
that C; = N¢, so P(Cy) = 1.

Next, notice that

r——o00, x rational

0=P <01 ncyn () (X< x}) = lim / txie((—o00,a])dP

rational x

= /C lim pxic((—o0, x])dP.

1002(; r——00, x rational

If P(C; NCy) < 1, then the last integral above is strictly positive, a contradiction. The
interchange of limit and integral is justified by the fact that, for w € Ci, pxc((—00,2]) is
nondecreasing in z. A similar contradiction arises if P(Cy N C3) < 1.
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C.2 Bimeasurable functions and Borel spaces

Definition 42 (Bimeasurable functions). A one-to-one onto measurable function ¢ be-
tween two measurable spaces is called bimeasurable if its inverse is also measurable. Suppose
that there exists a bimeasurable ¢ : X — R, where R is a measurable subset of IR. In this
case, we say that (X, B) is a Borel space.

Lemma 43. Let X : Q — X and let ¢ : X — R C IR be bimeasurable, where R € B*. Let
Y = ¢(X). Let py)c be an rcd for Y given C. Define pxic(B)(w) = pyic(¢(B))(w). Then
px|c defines an red for X given C.

Proof: Recall that ¢! is measurable, hence, for each w, pxic(-)(w) = pyic(¢(+))(w) is a
probability measure on (X, B). For each B € B, jux|c(B)(-) is a measurable function of w.
What remains is to verify that for all C' € C and B € B, P(CN X' (B)) = [, pux|c(B)dP.
But the left side of this is

PICOYGB) = [ mve(o(BNaP = [ pxelB)ap

Besides (IR, B') and measurable subspaces, what else are Borel spaces?

e Finite and countable products of Borel spaces are Borel spaces.
e Complete separable metric spaces (Polish spaces) are Borel spaces.

e The collection of all continuous functions on the closed unit interval with the L norm
and Borel o-field is a Borel space.

These results are proven in Section B.3.2 of Schervish (1995) Theory of Statistics. Here is
one example.

Example 44. (BIMEASURABLE FUNCTION FROM (0, 1) TO A SUBSET OF (0, 1)) For each
€ (0,1), define
w(x) = w,

Loif2ya(a) =1, ,
(x) { 0 anot folr] Y Y )

yi(x) = 2y_1(z) — zj(x), forj=1,2,..,

This makes z;(x) the jth bit in the binary expansion of x that has infinitely many 0’s. Also,
each z; is a measurable function. Construct the following array that contains each positive
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integer once and only once:
3 6 10 15

5 9 14 20
8 13 19 26
12 18 25 33

~N =N

Let ((i, ) stand for the jth number from the top of the ith column. Now, define

oy, 79, ) = ZZ%%

=1 j=1

Intuitively, ¢ takes each x; and places its binary expansion down column i of a doubly infinite
array and then combines all the bits in the order of the array above into a single number.
It is easy to see that ¢ is a limit of measurable functions, so it is measurable. Its inverse is

ot = (g1, 92, - .) where
=32t

j=1
This definition makes z;(gi(x)) = 2y (x), confirming that ¢(g:(x), g2(x),...) = x. Also,
each g; is measurable, so ' is measurable. The range R of the function ¢ is all elements of
(0,1) except U2, Bi, where By is defined as follows. For each finite subset I of {€(i,5)}32,,
let C; 1 be the set of all x that have 1’s in the bits of their binary expansions corresponding
to all coordinates not in I. Then B; =|J; C; . Since there are only countably many finite
subsets I of each {£(i,7)}32,, B is a countable union of sets. Each C; 1 is measurable, so R
15 measurable.

One can extend Example 44 to IR* by first mapping IR* to (0, 1)* using a strictly increasing
cdf on each coordinate. Also, a slightly simpler argument can map (0, 1)* into (0, 1), so that
IR* is a Borel space. Indeed, the argument in Example 44 proves that products of Borel
spaces are Borel spaces. (Just map each Borel space into IR first and then into (0,1) and
then apply the example to the product.)
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