36-752: Advanced Probability Spring 2018

Lecture 20: April 12

Lecturer: Alessandro Rinaldo Scribe: Theresa Gebert

Note: LaTeX template courtesy of UC Berkeley EECS dept.

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the instructor.

20.1 Review

Recall the delta method from last lecture.

Theorem 20.1 If r, (X, —0) B X in R?, and f : R* — R¥ is a function differentiable at 0, then

ra(f(Xn) = f(0) 2 F(O)X.

20.2 Delta Method

Definition 20.2 The variance stabilizing transformation is the delta method where k = d = 1, so that
D
ra(f(Xn) = £(8)) = N(0, f'(0)0p).

Example: Consider

(X1, Y1), (X, V) "5 N (0, (fl) i’)) .

We want to estimate p = corr(X,Y). We know
U 5 oYC o112 S N
VES(X - XA (v - V)

Then /n(p, — p) =t N(0, (1 — p*)?). When constructing a confidence interval, we have to know p. One
solution could be that we choose f : 6 — f%@, the anti-derivative. For p,,, choose f(p) = fﬁ =
3 log (%Z) = tanh™'(p). By the delta method we have that \/n(tanh™'(p,) — tanh™*(p)) 1 N(0,1).

For a € (0,1), an asymptotic confidence interval for p is:

{0 € 2~ 22, )+ 22

which is equal to

[tanh (tanhl(pn) - Z\(;/ﬁz) , tanh (tanhl(pn) + Z\j/g )} .
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Example: Now consider what happens if Vf(0) or f'(f) = 0. Consider X,..., X, e N (0,%), and
(o) = L= 1t \F( n—0) 3 N(0,), then /n(f(X,)—f(8)) 2 N(0,67%6). It = 0, then v/nf(X,) 2 0,
Le. ff( n)

Theorem 20.3 If f : RY — R is a function that is twice differentiable at 6, and if r,(X, — 0) B X and
V() =0, then

PR — £(6) B S XTH X

n

where Hy is the Hessian of f at 0, i.e. (Hg); 527f|9.

Example: Consider X, Xo,... bt Expo(2), then E(X;) = % for all i. Let Y, = min{Xy,...,X,} ~
P

Expo(2n). Then n(Y,,—0) B X, Let f(y) = cos(y), which means f'(y) = —sin(y). Then n(cos(¥,)—1) = 0.
Since we have that f”(y) = —cos(y), we know

1 1
n?(cos(Yy) — 1) = —§n2Yn +op(1) i —§X12.

20.3 Characteristic Functions

We will soon discuss central limit theorems, but in order to do so, we need to introduce characteristic functions
first. That is because we will be checking the convergence condition for only this small class of functions.

Recall the definition of convergence in distribution, where we have that X, B X if E(f(Xn) = E(f(X))
for all f € F. We only need to check this for a small class F of characteristic functions.

Definition 20.4 The characteristic function of a random variable X is the function
teR = ¢(t) = E(e™™X)

where i? = —1 and so e = cos(u) + isin(u).
Remark 20.5 Recall that ¢(t) is continuous and bounded. In addition, if X € R, then we have that
teRY = ¢(t) = B(e X).

Example: Consider our favorite Z ~ N(0,1), then ¢(t) = exp{—t2/2}.

What follows are some useful properties of characteristic functions (chf).

20.3.1 Properties of Characteristic Functions
$(0) =1, [¢(t)] < L;

2. ¢(=t) = o(t);
|p(t + h) — o(t)] < E(|e®*X —1]) i.e. ¢ is uniformly continuous;

—_

=~ W

the chf of aX + b is dax1p = €Pdx (at);
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5. if B(|X|") < oo then ¢®)(0) = i* B(X%).

Two things to remember about characteristic functions:

1. Inversion formula and uniqueness. Using ¢, we can reconstruct the original CDF.

Theorem 20.6 X 2V if and only if ¢x(t) = oy (t) for allt, X,Y,t € R.

Lemma 20.7 (Cramer-Wold.) X 2y for X,Y € R? if and only if a” X 2.y for all a € R%.

2. Continuity theorem.
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Theorem 20.8 Let {P,} be a sequence of probability measures in (R?, B) and P be a probability
measure in (R, BY) with chfs {¢,} and ¢. Then P, Bp if and only if ¢, (t) — ¢(t) for all t € RY.

Corollary 20.9 In R%, X,, B X if and only if oTX,, 3 oTX for all a € R,

Note that these are special properties of R¢.

20.4 Central Limit Theorem

Theorem 20.10 (Lindeberg-Feller Central Limit Theorem for triangular arrays.) Let {r,} be a monotoni-
cally increasing sequence of integers. For each m, let X, 1,..., X, r, be independent random variables with
E(Xnx) =0 and Var(X, 1) = U?L’k. Let 02 =, afhk and Sp, = >, Xn k. Assume the Lindeberg-Feller

condition is true:
Tn

1
—~ > B(X2 | X k| > con}) = 0,V € >0,
k=1
then

S B N(0,1).

The vanilla Central Limit Theorem follows from this more general theorem.

Example: If X4,...,X, b (u,02), and the Lindeberg-Feller condition holds:

1
EE(|X12UI{|X1\ > ey/no}) = 0,V n,

then
(X, — ) B N(0,02).

Example: Now consider a counterexample. Let X, ; ~ Bern(1/k) and r, = n. The Lindeberg-Feller

condition is almost necessary. If maxy P(|X,, x| > €0,) — 0 as n — oo for all n, and if S, /o, R N(0,1),

then the Lindeberg-Feller condition holds.

Lastly, we consider the multivariate case.
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Theorem 20.11 (Multivariate Central Limit Theorem.) Let {r,} be a monotonically increasing sequence

of integers. For each n, let Xy 1,...,Xnr, be independent random variables in R? with mean zero. If for
all e > 0,

D E(IXn sl P X k]l > €}) = 0,

k=1
and

Z cov(Xp ) = X
k=1

then .
3" Xup BN, 5).
k=1

Example: Consider X1, ..., X, "%" (,%). Then vn(X, —6) 2 N(0,%).
Example: Another classic example is used in linear regression. Consider ¥ = X + ¢, where ¢ =
iid.

(1,...,€n) "~ (0,02). Then the ordinary least squares (OLS) solution is # = (X7X)™1XTY and

COV(B) = o}(XTX)"L. Then E(B) = 8. (XTX)1/2(3 - B) = (XTX)"1/2XTe = Dy AWe; where
A= (XTX)"12XT and Cov(Z;AW¢;) = 02Ly. We need to verify that:

n

D NADIPEEHIAD] - Jei] > n}) =0
i=1

for all n > 0.



