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Last time:

e let 2 be the universe set. F is a o-field over  if it satisfies the following properties:

1. Qe F,
2. Ae F= A° e F,
3. Al,AQ,...:>UAn€f,

then (€, F) is called measurable space;

e F is a field over Q if it satisfies properties 1),2) listed above, and 3)A,Be€ F = AUB € F

Example: field, but not o-field.
Let U be the collection of union of disjoint intervals of the form (b, +oc), 0§, (—oo + o), (a,b], where
—o0 < a<b. Uis a field, but not a o-field. Indeed:

i (avb):U(avbii} ¢Z’{a

n

e {a}=Nla—La¢u.

n

New material:

Definition 2.1 Let A be a collection of subsets of Q. We call 0(A) the o-field generated by A.

Definition 2.2 The o-field generated by all open sets A (or equivalently by all closed sets) of the form (a,b),
—00 < a < b< +o0, is called Borel o-field, and it is denoted B(R) = o(A).

In R* the Borel o-field B¥ is the o-field generated by the open sets (union of the open balls), ie
Bla,r) ={z e R": ||z —a|] < r}.

More generally, if ) is a topological space, the Borel o-field is the o-field generated by open sets.
However, there esist non-Borel sets.
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Definition 2.3 Let (2, F) be a measurable space. A measure on this space is a function p : F — Ry
satisfying

2. Ay, As, ... are disjoint sets in F = p (U An> = >, w(Ay) (countable additivity).
o if () < 400 the measure is finite, infinite otherwise;

e the triple (2, F, i), where 2 is the universe set, F is a o-field on Q and u is a measure on the (Q, F)
is called measure space;

e if 4(Q) =1, p is a probability.

If F is a field, then a measure on F is a measure on a field.

Example: Let F = 2% and define VA C F, u(A) = |A|.

Definition 2.4 A measure space is o-finite if there exists a sequence of measurable sets A, As,... such
that p(Ay,) < ocoVn>1 and |JA, = Q.
n

Example: non o-finite measure.

e counting measure on uncountable set;

e a measure s.t. u(f) =0, u(A) = VA # 0.

Basic properties of measures: Let (X, F, 1) be a measure space, then
1. AC B= u(A) < u(B).
Proof: B= AU (B\ A), hence u(B) = u(A) + u(B\ A) > u(A).
2. pu(A) <ooand pu(B) < oo = pu(AUB) = u(A) + n(B) — p(AN B).

3. (countable sub-additivity:) Ay, As, ... countable sequence of measurable sets = (U An) <3 (Ay).

n

n—1
Proof: let By = Ay and for n > 2 let B, = A, NA5 | NAS, N---NAf = A, \ _gl B;.

n—1
We have | JA,, = U By, and A, = B, U (A, N U Bi).

=1

Hence
= = = 1 ) < 1 P — .
p(JAn) = p((JBn) =D u(Bn) nIEEOZ;/‘(Bl) < nIEEOZ;“(Al) > (4n)
n n 1= 1= n
4. (monotonicity and continuity of y:) Ay, As, ... monotone sequence of measurable sets = p(lim, 4,,) =

lim,, u(4,) if
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e A, is increasing or

e A, is decreasing and 34 € N s.t. p(4;) < 0.
Proof:

o let Ao = A, =lim, 4,. Let A1 = By and, for n > 2, B, = A, \ A,—1. Moreover 4,, = |J B;
n =1
and |J A, = |J B,. Hence

p(As) = po (liglnAn) = nJAn) = 3 nl(Ba) =lim 3 pu(Bi) = lim p(An).

n n

e w.l.o.g. assume that u(A;) < co. Then, since 4, | [ An = Ao, 41\ A T A1 \ Ax and by the
finiteness of u(A;) we obtain u(A; \ A,) T p(A; \ Ax) as n — oo. Hence

p(Ar) = p(An) T (A1) — p(Ass) <= p(An) L p(As).

Definition 2.5 A property over the elements of Q is said to hold almost surely (a.s.) if it holds over a
measurable set A such that u(A°) = 0.

Equivalently, the measure is said to hold almost everywhere (a.e.).

Lemma 2.6 Let (0, F,p) be a measure space and Ay, As, ... be a sequence of measurable sets. Assume
to be finite. Then

1. p(liminf, A,) <liminf, u(4,) <limsup,, u(A,) < p(limsup,, (4,);
2. if lim, A, = A, then lim, u(A,) = p(A).

Proof: 2) follows from 1).
1) Let B, = [ A; and C,, = |J A;. Then B, 1 liminf,, A, and C, | limsup,, A,. Hence

i=n 1=n

w(Ap) > u(By) VYn = liminf p(A4,) > liminf u(B,) = lim pu(B,,) = p(liminf A,).
n n n n

Similarly,
w(Ayp) > u(By)Vn = limsup p(A,) > limsup p(Cy,) = lim u(Cy,) = p(limsup A,,).
n n n n
Uniqueness
Example: Let (R,B) be a measurable space, and define on it the measure u((—oc,a]) = \/% ffooe’§dx.

Does there exist another probability distribution that agrees on all the sets of the form (—oo, al, a € R? The
answer is no.

Definition 2.7 Let Q) be the universe set. A collection A of subsets of Q is called:

o m-system if A, Be€ A= ANB € A,
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o \-system if

—NeA,
—Ac A= A e A,

— if A1, Aa, ... is a sequence of disjoint sets in A, then |J A, € A.
n
Example: A = {(—00,a],a € R} is a m-system.

Theorem 2.8 (Uniqueness) If p1 and pe are measures on a measurable space (2, F) s.t.

1. F = o(F) is some II-system,

2. w1 and po are o-finite and they agree on I1

then they agree on F.



