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1.1 Tail bounds and Concentration inequality

Let X1, . . . , Xn
iid∼ (µ, σ2). We know

1

n

n∑
i=1

Xi = X̄n
p−→ µ⇐⇒ X̄n = µ+ op(1)

√
n

σ

(
X̄n − µ

)
=⇒ Z ∼ N(0, 1)⇐⇒ X̄n = µ+Op

(
1√
n

)
By the central limit theorem,

lim
n←∞

P
(√

n

σ

(
X̄n − µ

)
> t

)
= P(Z > t) ≤ 1

2
e−t

2/2 for t > 0,

If n is large enough,

lim
n←∞

P
(√

n

σ

(
X̄n − µ

)
> t

)
≤ C1 exp

{
−t2C2

}
, C1, C2 > 0

In fact, this is true for a large class of random variables for all finite n!

1.2 Concentration phenomenon

Let P be uniform distribution over Bd =
{
x ∈ Rd : ‖x‖ ≤ 1

}
. Then, if X ∼ P, ε > 0,

P (‖X‖ < 1− ε) =
vd(1− ε)d

vd
≤ e−εd −→ 0 as d −→∞

where vd := V ol(Bd). Similar phenomenon happens for the Normal distribution.

Back to concentration

Let (X1, . . . , Xn) be independent. Let Z = f(X1, . . . , Xn). If f does not depend too much on its individual
coordinates, Z concentrates well around its mean E[[Z]. We will focus

f(x1, . . . , xn) =
1

n

n∑
i=1

xi

1-1



1-2 Lecture 1: August 31

1.3 Markov Inequality

If X ≥ 0,

P(X ≥ t) ≤ E[X]

t
, t > 0

P(|X − E[X]| ≥ t) ≤ σ2

t2
, σ2 = V[X]

To bound P(|X − µ| ≥ t), µ = E[X], we could observe

P(|X − µ| ≥ t) ≤ E[X − µ|k]

tk
, k = 1, 2, . . .

=⇒ P(|X − µ| ≥ t) ≤ min
k=1,2,...

E[X − µ|k]

tk

This is a good bound but we need to know all moments ofX which requires strong and unrealistic assumptions
on X.

1.4 Chernoff Bound

Let ψX(λ) := log
(
E[eλ(X−µ)]

)
. Assume ψX(λ) exists for ∀λ ∈ [0, b) , 0 < b ≤ ∞. Then, for t > 0, 0 ≤ λ < b,

P(X − µ ≥ t) ≤ P
(
eλ(x−µ) ≥ eλt

)
≤ e−λtE

[
eλ(x−µ)

]
, (by the Markov inequality)

= exp {ψX(λ)− λt}

which implies P(X − µ ≥ t) ≤ exp {−ψ∗X(t)} where ψ∗X(t) = sup
λ∈[0,b)

{λt− ψX(λ)}

Example

Let X ∼ N(µ, σ2). We know E[eλX ] = exp
{
µλ+ σ2λ2

2

}
, ∀λ ∈ R. So,

sup
λ≥0

{
λt− logE

[
eλ(X−µ)

]}
= sup

λ≥0

{
λt− σ2λ2

2

}
=

t2

2σ2

By using Chernoff, t > 0,

P (|X − µ| ≥ t) ≤ 2 exp

{
− t2

2σ2

}
How good is this bound?

sup
t≥0

{
P(Z ≥ t) exp

{
t2

2

}}
=

1

2

In Normal case, Chernoff method gave a bound

C1 exp
{
−t2C2

}
, C1, C2 > 0 (Gaussian-like tail behavior)
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1.5 Sub-Gaussian Random Variables

Definition 1.1 A random variable X with finite µ = E[X] is said to be sub-gaussian with parameter σ2,
X ∈ SG(σ2), σ > 0 if

E
[
eλ(X−µ)

]
≤ exp

{
λ2σ2

2

}
, ∀λ ∈ R

Note that if X is sub-gaussian, −X is sub-gaussian.

Result

If X ∈ SG(σ2)

P (|X − µ| ≥ t) ≤ 2 exp

{
− t2

2σ2

}
, ∀t > 0

Properties of SG(σ2)

1. X ∈ SG(σ2) =⇒ V[X] ≤ σ2. (by Taylor expansion of E
[
eλ(X−µ)

]
)

2. a ≤ X − µ ≤ b a.s. =⇒ X ∈ SG
((

b−a
2

)2)
Proof: Without loss of generality, assume µ = 0. We need to show

ψX(λ) ≤ (b− a)2λ2

8

First, note that V[X] ≤
(
b−a
2

)2
since

∣∣X − a+b
2

∣∣ ≤ b−a
2 a.s. For any random variable X such that

a ≤ X ≤ b a.s., let Z be a random variable such that dPZ

dPX
(z) = eλze−ψX(λ). Then a ≤ Z ≤ b a.s. and

V[Z] = ψ′′X(λ). So ψ′′X(λ) ≤
(
b−a
2

)2
. Now,

ψX(0) = log 1 = 0

ψ′X(0) = E[X] = 0

ψX(λ) =

∫ λ

0

ψ′X(λ′)dλ′ =

∫ λ

0

∫ λ′

0

ψ′′X(λ′′)dλ′′dλ′

≤ λ2

2

(b− a)2

4
=
λ2(b− a)2

8

3. X ∈ SG(σ2) =⇒ αX ∈ SG(α2σ2), α ∈ R

4. X ∈ SG(σ2) and Y ∈ SG(τ2) =⇒ X + Y ∈ SG
(
(σ + τ)2

)
(σ, τ > 0).

If X |= Y, X + Y ∈ SG(σ2 + τ2)

Proof: of the first case



1-4 Lecture 1: August 31

Without loss of generality, assume E[X] = E[X] = 0

E
[
eλ(X+Y )

]
= EeλXeλY

≤Hölder
(
EeλpX

)1/p (EeλqY )1/q , where
1

p
+

1

q
= 1

≤ exp

{
λ2σ2p2

2

1

p
+
λ2τ2q2

2

1

q

}
= exp

{
λ2

2
(pσ2 + qτ2)

}
= exp

{
λ2

2
(σ + τ)2

}
by setting p =

τ

σ
+ 1

1.6 Hoeffding Inequality

Let X1, . . . , Xn be independent and Xi ∈ SG(σ2
i ), i = 1, . . . , n Then,

P

(
n∑
i=1

(Xi − µi) ≥ t

)
≤ exp

{
− t2

2
∑n
i=1 σ

2
i

}
, t > 0

where µi = E[Xi], i = 1, . . . , n In particular, if σi = σ, ∀i

P
(
|X̄n − µ̄| ≥ t

)
≤ 2 exp

{
− t

2n

2σ2

}
where µ̄ = 1

n

∑n
i=1 µi

Example Xi ∼ Bernoulli(pi), i = 1, . . . , n

By Hoeffding,

P

(∣∣∣∣∣ 1n
n∑
i=1

Xi −
1

n

n∑
i=1

pi

∣∣∣∣∣ ≥ t
)
≤ 2 exp{−2t2n}

=⇒ With probability at least 1− δ, δ ∈ (0, 1)∣∣X̄n − p̄n
∣∣ ≤√ 1

2n
log

2

δ
(set 2 exp{−2t2n} = δ and solve it for t)

Remark

• Sharper results can be obtained by using Chernoff method.

• In this case, there are multiplicative bounds.

P

(
n∑
i=1

Xi ≥ (1 + ε)µ

)
≤ e−ε

2µ/3

P

(
n∑
i=1

Xi ≤ (1− ε)µ

)
≤ e−ε

2µ/2

where µ =
∑n
i=1 pi, ε ∈ (0, 1). They are useful if pi −→ 0
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Hoeffding vs Multiplicative bounds (pi = p, ∀i = 1, . . . , n )

P
(
p− X̄n ≥ t

)
≤ e−2t

2n ⇐⇒ P

(
p− X̄n ≥

√
1

2n
log

1

δ

)
≤ δ (Hoeffding)

P
(
p− X̄n ≥ εp

)
≤ e−nε

2/2 ⇐⇒ P

(
p− X̄n ≥

√
2p

n
log

1

δ

)
≤ δ (Multiplicative)

Multiplicative bound is better if p ≤ 1
4 , and much better if pi −→ 0 as n −→∞


