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11.1 Persistence

Setup: Zi,---,Z, are i.i.d samples drawn from distribution P, where Z; = (Y;, X;) with ¥; € R and
X; € R% and Y; = f(X;) + e f can be any function. We want to predict Y using vector X. We are only
using linear predictors. Formally, for any 8 € R? let

Rp(B) =Ep[(Y - X" §)7] (11.1)

We assume cov[X] = ¥ is non-singular, then the problem

mingera Rp(3) (11.2)

has unique solution 8* = ¥~ ta where a = E[Y X].

Suppose we have a sequence {P,} of probability distribution for Z = (Y, X) € R¥*! where d = d(n). We
also have a sequence of sets {B,,} where B,, C R ™) For each n, let the optimal constrained parameters be

B € argming.p Rp, (8) (11.3)

Example of B,,: (1) B, = {6 € R¥™ |81 < b,} where b, > 0; (2) B,, = {0 € RU™) ||B]|o < k,}

Definition of persistence: given a sequence {(P,, )}, a sequence of estimators {3,} is persistent if
*

Rp, (B,) converges to Rp, (8%) in probability.
We will be looking at

B = argminBeB”R(ﬂ) (11.4)
where .
R = 5 =l 8) (115)

Let 3 = cov[Z] and Z be the empirical covariance. Assume that |2 — 3||s = maxij|§~]ij - SigAmaij\ < AL((9)
with probability 1 — & for all n and P,. For 8 € R4+, let B = (1,—B) € R4, theny —a' 3 = 2T 3. Let
B, ={(-1,B8) e R¥*1 3 € B,}, then Rp(B) = R,(5).

Theorem: Assume d = n® where o« > 0. Then

Rp,(B) < Rp, (B") + 28, (b, + 1) (11.6)
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Proof: Rp, (3) =('%3 and RB = BTS/3. Then VB € R¥*! and P,, we have

|Rp, (B) = Rs| =157 (£ - )]
< || = |so|lB]1 (Holder Inequality) (11.7)
< A (6)(by +1)2

Then N
RP’n. (Bn) < R(Bn) + An((s)(bn + 1)2
< R(B3) + An(0)(bn + 1) (11.8)
< Rp, (B3) + An(8) (b + 1)

Remark: If A, (§) < \/% 4 los(1/0) \/10%

n

Ifd=n"6=1and Bn = {B € R¥||B]l1 < by +1}. Then E’n is persistent if b, = o((2-)%)

logn

11.2 PCA

Let X € R be a random vector with cov[X] = ¥. Let \;(X) be the eigenvalue of ¥ and u; be the eigenvector
associated with A\;(X). Assume Apax = A1 () > - > Ag(X) > 0.

PCA has several interpretations.

Optimal Linear Subspace: what is the direction v € S¥~! such that var[v" X] is maximal?
v* = argmax,cgu-nvar[v' X] is the eigenvector associated to Amax(Z)-

More generally, let Vi, = {Vix,with orthogonal columns}. The optimal solution of

argmaxVGdeE[HVTXHz} (11.9)

is the first r eigenvectors.

Low-rank Approximation: We want to find matrix Z* such that

Z* € argmin||X — Z||%

s.t. rank(Z)=r (11.10)
* r * d
Then Z* =Y"7_, Nipip] and [ Z* — 3% = D imiv )\?
Subspace: suppose we want to find subspace S of R¢ of dimension r < d.
E|X — HgX|? (11.11)

where TIg is the orthonormal projection of X onto S. Then Ilg = V,V,T where the columns of V, are r
largest eigenvectors.

The challenges are that we need to estimate eigenvalues and eigenvectors well.



