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4.1 Last time

4.1.1 Sub-exponential random variables

The class of sub-exponential variables is larger than sub-Gaussian, and captures variables with longer tails.
For example the x? distribution has a left tail that is Gaussian-like, but a longer right tail.

4.1.2 Bernstein’s inequality

We can get better bounds using Bernstein’s inequality. Hoeffding’s is sharp only if the variance is maximal.
For example, if | X — E[X]| < b a.e. and 02 = V[X], we get

+2

P[| X — E[X]| > t] < 2e 2+ using Bernstein’s, and

Pl X —E[X]| >t] < 2¢ 27 using Hoeffding’s.

If t <« 02, Bernstein gives sub-Gaussian tails with parameter o2, as opposed to the parameter b using
Hoeffding’s. Since 0% = E[(X — E[X])?] < b2, we get an improvement in some range of values of .

In general we use Hoeffding’s because of its simplicity, unless we need more refined bounds. We should
use Bernstein’s inequality especially if V[X] < ¢E[X], and in the literature this is sometimes referred to as
Bernstein’s condition (note that this is different from the Bernstein’s condition introduced in the previous
lecture).

For an example of Bernstein giving better bounds than Hoeffding, refer to Theorem 7.1 in [GKKWO02].

Remark If X € SG(0?), then X? € SE(v?,a), where v = o = 1602. This is proven in Homework 2
Problem 4.
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4.2 Applications

4.2.1 Maxima
4.2.1.1 Expectation

Let X1,...,X,, be random variables, not necessarily independent, such that log(E[e*Xi]) < %()), where
A €10,b), 0 <b<oo. Then

E[max X;] < inf M.
i A€[0,b) A

Proof:
e Elmax; Xi] <Ele A max; Xi] by Jensen’s inequality
= E[max M
<y E
i=1
< ne¥™ by assumption.
Taking logs, we have E[max; X;] < w. We then pick A to minimize the RHS. [ |

Example If ¢)()\) = ’\22"2 (sub-Gaussianity), then

logn  Ao?
E X;] < —
hmax Xi] £ =57+

< +/202%logn,

log n

where the second inequality is obtained by noting that is decreasing in A and ﬁ is increasing, so we

log n O'

balance them by setting = 22 and solving for A. This gives \ = 210g” Notice that the bound is on

the order of y/logn, so the maximum does not grow very fast even if we have many observations.

The following is one way of obtaining a general result in the case of non-sub-Gaussian random variables.
Such results can be used, for example, for sub-exponential random variables. This result is for reference and
the proof is not stated here, but can be found in Section 2.5 of [BLM13]. In general, for any u > 0,

. ut N\ _ .
f ———~ b =inf{t>0:9"
)\en(%)’b){ 3 inf{t > 0:¢*(t) > u},
where 1% (£) = supyc(o,p) {\ — $/(\)}. Using this, if $:(A) = 53-%;;, where A € (0,), b > 0, then
maxX < +v/202logn +blogn

because ¥*~1(u) = V202u + bu, u > 0.

Example If Xi,...,X,, ~ va then E[max; X; — p] < /2plogn + 2logn.
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4.2.1.2 Probability

If X1,..., X, are random variables and X; € SG(0?),

Plmax X; > 1] = IP’[CJ{XI» > t}]

< Zn:P[Xi > ]
i—1

t2
< ne 202

_ 67;722+10gn7

where the first inequality is obtained using the union bound and the second using the sub-Gaussian property
of X;. If we want a t* such that Plmax; X; > t*] < § € (0,1), then setting the RHS of the inequality above
to d, we get

1
= \/202(log 5 +logn).

On the other hand, if we consider the X;’s individually, we get P[X; > |/202log $] < §, and the two only

differ by the logn term. The dimension of the problem only enters the bound logarithmically, which means
that dealing with the maximum is only almost as difficult as dealing with individual random variables. In
particular if we take § = 1, we get t* = /402 log n, where the additional log n term only affects the constant.

n’

Remark In the above derivation, the X;’s do not need to be independent. If we want to use independence
we can do so using de Morgan’s law instead of the union bound, but in this case the exponential decay is so
strong that there is not much of a difference between the two.

4.2.2 Quadratic Forms

If X is a random vector of length d, and A is a d x d symmetric matrix, X7 AX is known as a quadratic
form in X, and E[XTAX] = tr(AY) + uT Ap, where p = E[X] and ¥ = V[X].

Now, we assume that A is a d x d symmetric positive definite matrix, u = 0, and (without loss of generality?)
Y =1 (ie. X ~ Ny(0,1;)). We are interested in the concentration behavior of the quadratic form X7 AX.
Now, we have

XTAX = XTTATTX
4 7Ty
d

= Z N\ Z%, where )\; is the ith eigenvalue of A.

=1

1If X does not have covariance matrix I, we can standardize it by pre-multiplying by »3.
XTAX = XTE 353 AXIR "2 X

2 ZTBZ, where B = $3 AX3 and Z ~ N(0,1).
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The first equality is obtained using the spectral theorem, which tells us that if A is symmetric positive definite,
we can write A = PAT”, where A is a diagonal matrix with the eigenvalues of A, and I' is an orthogonal
matrix. The second equality uses the property of rotational invariance of standard normal variables: if
a standard normal random variable is pre-multiplied by an orthogonal matrix, the result is still standard

normal, i.e. ITX L7 In 2D, we can think of this property as rotating a contour plot of a bivariate standard
normal density, where after rotation the result is still standard normal.

Now, we note that Z? ~ x3, so we have reduced a potentially complicated quadratic form to a weighted sum
of x? random variables. Hence we look at concentration bounds for W = Z?Zl Ai(Y; — 1), where Y; ~ x3.
Then, Vt > 0,

PW > 2|AIVE + 2|[M|oot] < e " and P[W < =2||A|VE] < e7?,

where [|A| = /> A? = || A, the Frobenius norm, and [|A||s = max; \; = Al
operator norm is also equal to SUp .| ;z|=1} 2T Az. For details on the derivation see Example 2.12 in [BLM13]
and Lemma 1 in [LMOO].

the operator norm. The

The following result is an extension to sub-Gaussian random variables, and is known as the Hanson-Wright
inequality. The proof is in [RV13] and Homework 2 Problem 5.

If Xy, ..., X4 are independent and X; € SG(c?),

cqt?

PIXTAX — E[XTAX]| > t] < g P W}

where ¢; and ¢y depend on 2.

4.3 Bounded Difference Inequality

The bounded difference inequality allows us to get bounds on a function of independent random variables,
where the function could be more complicated than just a sum. Let Z = f(Xq, ..., X;,), where X, ..., X,, are
independent. Let Yy = E[Z] and for k = 1,...,n let Y, = E[Z| X4, ..., X;]. In particular, Y,, = Z. Then, by
telescoping,

where Dy, = Y, — Yi_1. We have expressed Z, a possibly complicated function of the X;’s, as a sum of k
random variables. However, these D;’s are not independent, so we will need several more tools.

Remark The ordering of X;’s is not important!

4.3.1 Martingales

Let (92, F) be a probability space. Fy = {¢, 1} is the trivial o-field. A filtration is a sequence Fy C F1 C Fa...
of sub-o-fields of F.
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The sequence {Y}r=1,2,. .. is adapted to the filtration if Y} is Fj-measurable V k.

This sequence is a martingale if E[|Y;|] < oo and E[Yj41|Fi] = Yi V .

4.3.2 Doob Construction

Let Z = f(Xi,...,Xn) be integrable, and F, = o(Xy,...,Xy) for k = 0,...,n. Then Y, = E[Z|F] is a
martingale. This is known as the Doob martingale or Levy martingale.

If (Yi, Fi)k=0,1,... is a martingale, then (Dy, Fi)r=12,...
sequence. It is adapted to the filtration, and E[Dg] =0V k.

4.3.3 Concentration bounds for martingale difference sequences

Theorem 4.1 Let (Dy, Fi)r=1,2,... be a martingale difference such that

A\ A2u2 1
E[erPs|Frq] <e 2z VA < —,
Qg

where vy, ay, > 0.

Then

1. 22:1 Dy € SE(vs, i), where vi= 22:1 V,% and o, = maxy .

12

PR 2
n 2¢ 2% f0<t< =
2. P[0, Dyl > 1] S o .

2e” 22« otherwise

Proof: n 14
E[(i)\ Py Dk} = E[E[e)\ 2= D |-7:n—1]]
= E[e*Zio1 DkR[ADn | F, 4 ]]

Av2

< E[e? Thot Prje 3" if A < -

AN Ep_vR
<e 2

JAF A <

maxy,

where the second equality is because e Roi Dr ig Fn—1-measurable, and the last inequality is obtained by
iterating this procedure.

Point 2 follows directly from point 1.

Remark This result is the same as for independent sub-exponential variables.
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