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9.1 Lasso

Consider a regression framework where Y is an n x 1 vector, X is an X d matrix, * isad x 1 vector, and eisan x 1

vector. Further assume that

Y = X0* +¢

with € € SGn(az). In the LASSO, we use estimate 0 to estimate 6, where 0 us the solution to

A 1
6 € argmingpa (2n||Y—X9||2+>\n||0|1> . .1

Equation (1) defines a convex optimization problem that produces sparse solutions depending on \,,. The parameter
A is chosen by the user. It can be thought of as A(n, d, o) because the choice will depend on those values.

Equation (1) has solutions for both d < n and d > n. There can be multiple optimal solution 6, but the maximizing
value X0 is unique. For a discussion of the uniqueness of solutions to the Lasso problem, see [1].

The basic inequality [2] is a useful inequality for proving results pertaining to the Lasso. It is given below as Lemma

1.1. It is used to prove Theorem 1.2.

Lemma 9.1. In the Lasso set-up, if 0* is the true parameter value and 0 is the lasso solution, then

1 A *
%HX(efo)

Proof.

1 9 A
— X007
o (111 + |0 - 07

2 Ai *
’ SeTX(‘() %)

2 ~ ~
( — 2T X () - 9*)) ISR

9-1

+ An(1167]], = 111).

1
2n

A 2 A
= X (00| + Al

1 12 .
= HY-X&H + Al10]1
2n

IN

1 |2 .
%HY—X@ [+ An 1167

1 2 N
el + A 11671l




Lecture 9: September 28th, 2016

Theorem 9.2. If

An > ’ X =maxj=1,..4d Xje ;
no ||y n
then any Lasso solution satisfies ,
HX(‘)‘“ <416y A
Proof. Lemma 1.1 provides
% HX(@ —0) ‘2 < eTX(én_m) + (116711, = 1161]1) by Basic inequality (Lemma 1.1)

1 N * * N .
<= ||IX7e, He = 0%|| +Aa(116"]], — 1161]1) by Holder Inequality

1 A A . .
- HXTeHOo (H@*H1 + H9||1) + A (116711, — 110]]1) by Triangle Inequality

1 A 1 ~
(TL ||XT€HOO — )\n> ||9H1 + (n HXTeHOO + )\n> H9||1

< 22,1071
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What is a good choice for \,,?
Recall that € € SG(0?) and assume max j—1. p||X || < C+y/n for some C > 0. Then for ¢ > 0,
P ( el X

n

H > t) < P (max,|X] el > tn)

< Z}P’ (|Xfe| > tn)
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202C?

< 2dexp < > by Subgaussianity

< 2dexp < ) because || X s[> < C?n

if we choose

t=\, = \/ 2“202 (log (;) + log (2d)).

Consider 6 = 1/n. Then with probability 1 — 1/n,

HX(éf 6%)

’ <11, \/2020(10g (72 + log (2d))
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If d < n and Apin(X T X/n) > Cpin > 0. Then you can also get a bound for

IN

9.2 Getting Fast Rates for Lasso

In order to get “fast” rates for the lasso, there needs to be additional assumptions on X. These assumptions also
provide consistency of estimation of 6.

A very useful condition is the restricted eigenvalue condition. In order to define the condition, we need to establish
some notation. For S C {1,2,...,d} and @ > 0, define

Cla,8) ={A e R ||Ase||, < al|Asg],}-

Definition 9.3. X satisfies the restricted eigenvalue (RE(«v, k) condition over S = {1,...,d} # 0 if

1 IXAl]? > k||A|]? forall A € C(a, S).
n

For intuition, think of A as § — 6*. We want || XA|* /n to be small. Note that if it is, this does necessarily mean that
||A||? is small. Especially if

2
A Ixa) ©2)

n

is flat around 6 — 6*. To prevent this, we need the function (9.2) to be very curved. This is true if

XA
XA > k||A|]? forall A € RY.
n

Unfortunately, this implies that Ay, (X TX ) > Chin > 0if d > n, which is not possible. Instead, we consider the
case where function (9.2) is curved only along certain directions.

These directions are C'(«, S) where S is defined by the support of 6*. Thatis, s = {J : 6% # 0}.

Theorem 9.4. Assume that

e the support of 6* is S where |S| = s > 0.
o X satisfies RE(3, k) where k > 0 with respect to S.

° )\, 22H6TXH/n.

Then any Lasso solution 6 satisfies

% HX (é - 0*) ‘2 < 9/\,2L5/£,

<3 oh
K

and

Hé—a*
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Proof. First, we show that given our choice \,,, A = (6 — 0*) € C(3, S). By the Basic inequality,

e XA
n

2 ~
0< XAl < + A [l107]1y = 1101]1]-

|
2n
Since 6* is S-sparse, we know

1611, = 61l = 116311, — |

= o311, — |

] o
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Plugging this into the Basic inequality yields:
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OS—HXA
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X7 4 10t 4 Al — I
< 20— Ay + 22 (11051 — 1185 + Asll — 1Ase] 1)

XTeH

< 2“700\|A||1 + 2\, (||AS\|1 - |\ASC||1) By triangle inequality
n

< Mll sl + Al Asells + 20l [Asll = 20l | Ase s
=X (3114l = 1Ase1lr)

=AeC(309).

Note that the fourth line used the fact

References

[1] Ryan J Tibshirani. The lasso problem and uniqueness. Electronic Journal of Statistics, 7:1456—1490, 2013.
[2] Sara A Van de Geer. Applications of empirical process theory, volume 91. Cambridge University Press Cambridge, 2000.



