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10.1 LASSO

10.1.1 Fast rates for LASSO

In the last class we derived slow rates for LASSO under minimal assumptions. Now we will derive fast rates
for LASSO under Restricted Eigenvalue(RE) condition.

Theorem 10.1 Assume that

o supp(0*) = S where |S| = s> 0.
o X satisfies RE(3, k) with respect to S, where k > 0 is a constant.
° )\, > %HXTGHOO.
Then any Lasso solution 0 satisfies
1 .
X (0-0") I3 <902,
n K
and

- 3
160> < = V/aA.

Proof: First, we show that given our choice of A, the error vector A = ( — 6*) € C(3,5). By the Basic
inequality,

T XA . -
+ A [ll07 ] = 160]]1]-

1 ~
0< —[ XAl <
< 5 IXAJ3 <
Since 6* is S-sparse, we know

16" 11 = 118111 = [165]1x — 105 + Asll = 165
=105l = 105 + Asll = [|Ase-
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Plugging this into the Basic inequality yields:

1.
0< —[XA|?
< 2n|| |
XTe “ . . A .
< 2l Ay, o, (1831 — 1165 + Asll — 14011
[ X elloo | & A A : : :
< QT||A||1 +2X\n ([|As]l1 = ||Ase| 1 (by triangle inequality)

< >‘n||AS||1 + >‘n||ASCH1 + 2)‘nHAS||1 - 2>‘n||ASCH1
= (3l14s]l1 = 1 AseIh)
=AeC(3,9).
We now prove the first claim. Note that:
1As]l < Vsl Asllz < Vsl All-

We now use RE(3, k) condition to get the following inequalities:

1, o« . . N .
= —[|XA|? <3\ A1 <3V A2 < 3M,Y=—| XA
LIXBIR < 3 Bsily < 3VaAIANL < 80 Y2 XA,

1 N s
— —||XA|Z <N,
XA <922
To prove the second claim, we again use RE(3, k) condition on the above inequality.

. 1 N S
RIAIE < S XA3 <X~

- HAHQ <3\

Ve

10.1.2 Model Selection Property of LASSO
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Lets now look at the model selection properties of LASSO. The following theorem shows that LASSO can
recover the true signed support under appropriate conditions. Please refer to [WMO09] for a proof of the

theorem.

Theorem 10.2 Assume that the true parameter 0* satisifes supp(60*) = S where |S| = s > 0, and the design

matriz X € R™"*P satisfies the following conditions:
o max | X2 < Vn
i€[p]

o (Irrepresentability) m%XHXiTXS(XgXS)_lHl <a<l1
eS¢

Then for A\ = ||%XT6||OO, the following statements hold with high probability:



Lecture 10: October 5 10-3

e LASSO has a unique solution.

o (oo convergence rate) ||0g — 0 |loo < An {H (ExIXg)" Hoo + m}

4o

) . gk 1 X7
o (Sign Consistency) If Izrél;l|9l| > Ay [H (n XS> lloo + VComin

1, then 6 has the correct signed

support i.e., supp(é) = supp(0*) and sgn( ) gn(0%).

10.1.3 Oracle Inequalities

Until now, we assumed that the data {X;,Y;};_, is generated from a linear model. But what if this as-
sumption is violated? What can we say about the estimator in this case? When can we say our estimator is
good? We introduce oracle inequalities as a means to measure the performance of an estimator if the model
is misspecified.

Consider the following model for (X,Y), X ¢ R? Y € R:

Y =f(X)+e
where f : R? = R, € ~ SG(0?). Assume a dictionary of functions {f1, fo,... far} from R% to R . Given

n—observations {X;,Y;}.-, we wish to estimate f using a linear combination of the functions in dictionary:

M
X)=> 0;fi(X),  where (61,6s,...0y) € RM.

Note that f need not be in span{fi, fo,... far}-

Remark: We can recover linear regression if M = d and f;(X) = X® where X is the i*" coordinate of
X.

Definition 10.3 For any estimator f(X) of f(X) based on {X;,Y;}!_,, define its risk as:

R(f) = EIMSE(f)] = B[S (F(X0) ~ F(X0))?).

i=1
Definition 10.4 Let K C R™. The oracle on K is the function fg- such that:

R(fo~) < R(fo) VO€ K.

We want to do as well as the oracle risk R(fy~). An estimator satisfies oracle inequality in expectation if

R(f) < cR(f3) + ®(n, M, f).

where ¢ > 1. We ideally want ¢ to be close to 1 and & — 0.

Theorem 10.5 (Oracle inequality for least squares) Let ey, ... e, € SG,(0?). Then the following holds
with probability at least 1 — §:

M. 1
MSE(f;, )< inf MSE 2" log =.
SE(f5,s) < jnf MSE(fo) +co”~—~log

where éLS is the least squares estimator with design matriz ®,,x p where ;5 = f;(X;).
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Proof: Let 0* = arg emﬂi;]\ll MSE(fq). With aslight abuse of notation, let fo = [fo(X1), fo(X2), ... fo(Xn)].
€

Since 0p,s is the least squares estimator, we have:

1Y = f5,, 113 < 1Y = fo- 13-

Subsituting Y = f + € in the above equation we get:

I = fa, 15 = 1F = fo-lI3 < 2¢"(f5,, — for)-
Also note that fy- is the orthogonal projection of f on span{fi, fa,... far}. So

f=Tfor L for, fg,4

Using this in the above inequality we get:

15, = fo-ll3 < 2¢(f5,, = for)-
o (fo,. — for)
= fas = forll <2 < 1foss — fe*||2>

Note that (féLs — fo+) lies in the column span of ® which is an M —dimensional space. Let ®,,5 s be an

orthonormal basis of column span of ®. There exists a v such that ( féLs — for) = dv. Substituting this in

the RHS of the above inequality we get:

~ 1
1£5, . — forll2 < 2@ €2 S o/ Mlog 5

where the last inequality holds with probability at least 1 — 4.
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