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Note: LaTeX template courtesy of UC Berkeley EECS dept.

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
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This lecture’s notes illustrate some uses of various ITEX macros. Take a look at this and imitate.

A few items of note

e Lasso : How to choose A7
Sometimes cross validation is used. For variable selection, if variables are correlated, we end up choosing
more variables by using CV.

e Assumptions needed for Lasso: Strong!
For model selection consistency, we need min S condition.
MiNiesupp(s+)Bi is " Large enough”,

e Restricted Eigen value (RE) condition is perhaps the strongest.
An earlier stronger version is the Pailrove incoherence condition.
In C(k)Je > 0 such that 1 <k <d

XTx i < L
e

= If ¢ = 32, then the RE(a = 3,k = 0.5) is satisfied for all S C {1,...,d} such that |S| < k.
This is satisfied if X is populated by iid sub-Gaussians.

14.1 Oracle inequalities

Model need not be correct!

Assume Y = f(z) + ¢, € ~ SG(0?), f arbitrary function.
Observe (Y1,21), ..., (Y, Zn). Y's are independent. (1, ..., 2,) deterministic.
We do not assume Y = 273 + €.

Suppose we have a dictionary of functions from R? into R.

D={f1,-fm}

and we are going to estimate f with a linear combination of functions in D.

Of course if f;(x) =x; for j =1,..., M.

Then for any vector § € RM, > 0ifi(x) = 6T x.
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One possible estimator is 0615 which minimizes
1
Y= S0 w))?
J
and estimator of f is f; = Zﬁl éjfj.

To evaluate the performance of an estimator f we consider its risk

Re() = B |2, (F) -~ flo)]
= B[ 207 = 112] = (. fe)
Let K C RM,

Definition 1 The Oracle solution wrt risk Ry, D and K is the fp- where 8* € K
Ry (for) < Ry(fo)V0 € K.

Jo~ is not necessarily a good estimator of f!!
An estimator fj, § € K and depend on data satisfies Oracle inequality if

where cgel and ¢(n, [, f, K) — 0 as n — 0.

An estimator is good when it satisfies an Oracle inequality with small ¢ and vanishing ¢.
[If ¢ =1, this is a sharp inequality.]

Equivalently,
Py (MSE(f) < cMSE(fp-) + 6(n, D, /,K,6)) > 16
5€ (0,1). MSE(f) = | ~ 1|

Theorem 14.1 (Oracle inequality for Least squares) Assume (€1, ...,€,) ~i.i.qa SG(02). Then

. M 1
P <MSE(féOLs) < infoerm MSE(fg) + CO’QZZOQ (6)) >1-9,
d€(0,1).

Proof: Y = [Y1,...Y,]", fo = [fo(z1), ..., fo(xn)]" in R™.

Least squares is argmingerm —||Y — foll%, fo = >0, f;-.
n

So, IV = fo, P <Y = fo-|?, Y = f +e
Thus

1 A 1 2 .
ﬁ”f — Finetag,sl® — EHY — forl? < EET(fth;mOLS — fo).

1
LHS s T1fy,, .~ forl[2 > 0
for is projection of f onto span{fi,..., far}-
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But f; — fo- = (b(é — 0%), where ¢, such that ¢;; = f;(x;).
Same proof used to derive consistency of OLS in Linear Regression model gives that

1, M. (1
e (fop,s — for) Eco ;log (5>

with probability > 1 — §.

Approximation error: Ry (fo~) or MSE(fg~) can only be made small with assumptions on f.

14.2 Oracle inequality for Lasso
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Theorem 14.2 Assume (€1, ...,€,) ~i.i.a SG(0?) and that RE(3, K) assumption holds for all S = {1,..., M}

with |s| < K << n.

7|
Then if A\, > Zw, we have

. 1+« 9
MSE(fs) < infoerm jo)jo<x {MMSE(JC@) + W“"‘QOA%}VO‘ €(0,1).

Fix «, then
loga

MSE(f;) < eMSE(fg-) + k=

Proof: We begin with
1 2 5 1 2 M
SV = S5l 4 Xl < SV = fol + M0 € R
Then we replace Y by f + € to get
1 1 S el
S = ol = 20 = Soll < 20 (181 = 1811) + 25 (f; — fo) V0 € RV

Think of ¢(6 — 6) as AA (the proof for Lasso’s fast rate).

Let S = Supp(f) and assume |S| < k.
Then we have 2 cases

e LHS of (*) is negative
MSE(f;) < MSE(fp). Nothing to show.

o If LHS of (*) is positive, then
MSE(fs) = MSE(fo) < 2An||0 = 0ll1 + 2Xn([10]] — [16]]1)

Ta(h_ T .
OO0 "5
n n

Using same proof as for the fast rates for Lasso we get
< ABllAsl = [[Asel)
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s — foll 1
<on, Il L

We use the variational inequality
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2 2
ab<;—+%Va>O a,a € RY
. L 3\ /18] Iz — foll
Use the inequality with a = ———=— and b = and a € (0,1).
quality TR Tn (0,1)
1 [SIAZ9 gl\fo foll?
~ 20 K 2 n '
Next, [|f5 = foll* < 2IIf — falPm + 2| f — fol?
Hence we get
9 Ah_ 2 _ 2
2c n n
9|S|\2
or, MSE(f )(1 — a) < (1 +OZ)MSE(f9) + W

This concludes the proof.



