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15.1 Interpretations for Principal Component Analysis

We consider a random vector X € RY, with mean E[X] = 0 and covariance V[X] = 3. Let ¥ = VAVT,
where V is a d x d orthogonal matrix, and A is a d x d diagonal matrix, with diagonal entries corresponding
to the eigenvalues A\y > Ay > --- > X3 > 0.

15.1.1 Interpretation 1: Direction of Maximal Variance

The first eigenvector is the direction of maximal variance. Namely, the optimal solution to the following
maximization problem is vy:

v* = argmax var(v? X) = vy,
veSd-1

with var(vf X) = )y, and projected data vy (v X).

More generally, let Vg, = {d xr matrices with orthonormal columns}. The projection onto an r-dimensional
subspace with the maximal variance,

v* = argmax E[|[VT X|?
VEVdYT

is given by the first r eigenvectors of ¥, namely, [vy,- -+ ,v,], and the maximum is Y ;_, A;.

15.1.2 Interpretation 2: Approximation to the Covariance Matrix

Suppose we want to find a d X d matrix Z* with rank at most r, such that

Z* = argmin |2 — Z|[3.
rank(Z)<r

The solution is Z* = S>7_ Aol with | 2* — 2|2 = S0 | A2

This is a notably a non-convex problem that has a close-form solution.
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15.1.3 Interpretation 3: Subspace Interpolation

Suppose we want to find a linear subspace S* of dimension r, such that

S* = argminE|| X — IIgX]||,
s

where Ilg is the orthogonal projection onto S.
S* is the subspace spanned by the r largest eigenvectors. Namely,

IIs = V,V,',  with the d x r matrix V, = [v; -+ v,].

. o . d
The corresponding approximation error is » J;_ ) A2,

15.2 Perturbation Theory

We consider the problem of estimating the eigenvalues and eigenvectors of 3, where we can only observe the
empirical covariance matrix ¥ = 3 4+ F, where the noise matrix F is symmetric.

15.2.1 Estimating eigenvalues

It is easy to see that

Amaz(3) = max vT(Z 4 E)v

peSd—1

=M+ [1E],,
Hence, if we approximate the first eigenvalue A\; by A = Apmaz(2), the error is bounded by |A; —A;| < (A | p
In fact, we have the following theorem:
Theorem 15.1 (Weyl’s Theorem) Let S =X+ E, where ¥ and E are symmetric matrices. Let \; and
\; be the it" eigenvalues of ¥ and . Then,

max (A = A <,

[EERIN

Remark 15.2 To estimate eigenvalues of ¥ well using 3, we need 1E,, = |3 — X[, to vanish as n — oo.

15.2.2 Estimating eigenvectors

The eigenvalues are stable under perturbation. However, the eigenvectors are not. To see that, consider the
following example:

Example 15.3 Let ¥ = Ll) ﬂ, and E = [0 ¢

]. Then, we have
e 0

S =Y+ E= F 1.
e 1
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The eigenvalues of ¥ are 1 and 1. The eigenvectors of ¥ are {(1)} and {ﬂ .

The eigenvalues of 3 are 1 + ¢ and 1 — € (we have |5 — 2, = IIEl,, = €). However, for any e, the

eigenvectors of 3 are % {ﬂ and % {11}

From this example, we see that the eigenvectors are in general not stable under perturbation. The issue in
this example is that the eigenvalues of ¥ are not well-separated (so called “eigengap”).

We will introduce bounds for the distance between eigenvectors under perturbation, and more generally,
between subspaces spanned by eigenvectors. For that, we need some more definitions.

15.3 Distance between Subspaces

15.3.1 Definitions
Let £ and F be r-dimensional subspaces of R?, with r» < d. Let II¢ and Il be projectors onto these two
subspaces.

We first consider the angle between two vectors, that is, when 7 = 1. Then, £ and F are spanned by vectors.
Denote the two corresponding vectors as v, ve € S9-1 The angle between vy and vyis defined as:

Z(v1,v9) = cos ol vy

Now, we need to extend this concept to subspaces (when r > 1).

Let F and F be d X r matrices with orthonormal columns such that range(F) = £ and range(F) = F. Then,
the projectors can be written as Il = EET and Il = FFT.

Now, we define the angle between subspaces £ and F as the following:

Definition 15.4 The canonical or principal angles between £ and F are:

1 1

01 =cos oy, - ,0, =cos” " o,

where o1, -+ , 0, are singular values of ETF or FTE.

A general result known as CS-decomposition in linear algebra gives the following (see [SS90]):

ETF =UcosOVT,

0, --- 0
where © = | : .o
0 - 0,

An alternative way to define canonical angles is the following:
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Definition 15.5 Let the 15t canonical angle be:

1 T _ —1 T
cos (2122‘ I;lea}(|$ y|)*COS (‘I1y1|)7
lzll=1|ly|=1

where x1 and yy are maximizers.

The k** canonical angle is (for k =2,--- ,r):

cos 1 ( max max lzTy|)
z€eE, yeF,
[|=l=1 lyll=1
wka/ZO yTy,C/:O

for VK'=1,--- ,k—1 for Vk'=1,--- ,k—1
Another way of defining canonical angles is the following:

Definition 15.6 Let 0, = sinfl(sk) fork=1,--- 7 where sy, -, s are the singular values of
Me(1—MF) = EET(I - FFT) =UsinoVvT.

Now, given the definition of the canonical angles, we can define the distances between subspaces £ and F as
the following;:

Definition 15.7 The distance between € and F is ||sin ©|| ., which is a metric over the space of r-dimensional
linear subspaces of R?.

Equivalently,

Isin ©(&, F)|f3 =||Te (I - ILF)|| 5
=|Ix(I — e}

1 2
e -

15.3.2 Davis-Kahan Theorem

The Davis-Kahan Theorem provides a bound on subpaces spanned by eigenvectors under perturbation.

Theorem 15.8 (Davis-Kahan Theorem) (Thm V.3.6 in [SS90]) Let ¥ and % be d x d symmetric ma-
trices with eigenvalues

>
Y
>
Y
Y
>

1 2 d

>
Vv
e
Vv
Vv
P

1 2 d

Fiz1<r<s<d, and let V and V be d x (s —r + 1) matrices with orthonormal columns corresponding to
eigenvalues {\;};_, and {\;};_,.. Let & and F be the subspaces spanned by columns of V and V.

Define the eigengap as

5= inf{‘)\ - x\ P A€ P M A € (00, Asit] U A1, 00)},
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where we define Ao = —00 and 5\d+1 = o00. See Figure 15.1 for an illustration.

If 6 > 0, then

I£— 2 p

Isin ©(€, 7l < =

The result also holds for the operator norm |||,

Figure 15.1: Tllustration of the eigengap 4.

Remark 15.9 In practice, we may assume |5 — Ellop < Vn, and
5\s-ﬂ—l - As 2 >\s - )‘s—i-l — Tn
X7‘—1 - Ar > Ar—l - )\7‘ — Tn-

If §* = min{As — A1, A\r—1 — A} > Y, then, the bound implied by Davis-Kahan is:

12— 2]
5*_771 '
Ifr =1, then 0* = Ag — Agt1-

As—Aso1 2|S-%|p
2 &* :

If v, is small enough such that §* — vy, > , the bound becomes

Next lecture, we will introduce a variant of the Davis-Kahan Theorem.
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