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21.1 Extension of VC Theory to Functions on Rd

Lemma 21.1 Let F be a class of real-valued function such that f : X → [0, 1],∀f ∈ F . Then, for X,Xi, i =
1, ..., n ∈ X :

||Pn − P ||F = sup
f∈F
| 1
n

n∑
i=1

f(Xi)− Ef(X)| ≤ sup
f∈F,t∈(0,1)

| 1
n

n∑
i=1

I{f(Xi) > t} − P{f(Xi) > t}|

Proof:

Recall : X =

∫ ∞
0

I{X > t}dt , EX =

∫ ∞
0

P(X > t)dt

Fix f ∈ F ,

1

n
|
n∑
i=1

f(Xi)− Ef(X)| = 1

n

∣∣∣ ∫ ∞
0

n∑
i=1

[ I{f(Xi) > t} − P{f(Xi) > t} ]dt
∣∣∣

≤
∫ 1

0

1

n

∣∣∣ n∑
i=1

[ I{f(Xi) > t} − P{f(Xi) > t} ]
∣∣∣dt

≤ sup
t∈[0,1]

1

n

∣∣∣ n∑
i=1

[ I{f(Xi) > t} − P{f(Xi) > t} ]
∣∣∣

≤ sup
f∈F,t∈(0,1)

| 1
n

n∑
i=1

I{f(Xi) > t} − P{f(Xi) > t}|

Remark 21.2 For f ∈ F and t ∈ (0, 1), let

Af,t = {X ∈ (0, 1), f(X) > t} and A = {Af,t, f ∈ F , t ∈ (0, 1)}

Then, ||Pn − P ||F ≤] sup
A∈A
|Pn(A)− P (A)|

The VC dimension of F is the VC dimension of A.
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21.2 Approach Based on Covering Numbers

Definition 21.3 (Review: δ-cover and δ-covering number) For δ > 0, a δ-cover of F w.r.t. metric d
on F is a subset {f1, ..., fM} ⊂ F such that ∀f ∈ F ,∃i ∈ [1, ...,M ] satisfying d(f, fi) ≤ δ. The δ-covering
number of F w.r.t. metric d is the size of the smallest δ-cover of F .

Definition 21.4 (Empirical Metric d1,Pn(, )) For X1, ..., Xn i.i.d. ∼ P and f, g ∈ F . Define

d1,Pn(f, g) =
1

n

n∑
i=1

|f(Xi)− g(Xi)|

Notice E[d1,Pn(f, g)] =

∫
|f(X)− g(X)|dPn (L1 distance w.r.t. empirical measure)

Theorem 21.5 For λ ∈ (0, 1),

P(||Pn − P ||F ≥ λ) ≤ E[N1(
λ

8
,F , P2n)] exp{−nλ

2

32
}

where N1(
λ

8
,F , P2n) is the cardinality of

λ

8
-cover of F w.r.t. d1,P2n

(f, g).

Proof:

1. For λ ∈ (0, 1), if n ≥ 2
λ2 , then

P{||Pn − P ||F ≥ λ} ≤ 2P{||Pn − P ′n||F ≥
λ

2
} (HW6)

≤ 2EX,X′

{
Pε
[ 1

n
sup
f∈F
|
n∑
i=1

εi(f(Xi)− f(X ′i))| ≥
λ

2

∣∣∣X,X ′ ]} (21.1)

2. Discretization:
Let Cλ

8
be a smallest λ

8 -cover of F w.r.t. metric d1,P2n . Then,

|Cλ
8
| = N1(

λ

8
,F , P2n) and F ⊂

⋃
g∈Cλ

8

B(g,
λ

8
)

where B(g,
λ

8
) = {f ∈ F , d1,P2n

(f, g) ≤ λ

8
}

Notice that for any f ∈ F in B(g, λ8 ),

1

n

n∑
i=1

|f(Xi)− g(Xi)|+
1

n

n∑
i=1

|f(X ′i)− g(X ′i)| ≤
λ

4
(21.2)
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Then, (21.1) is upper bounded by

Pε
[

sup
g∈Cλ

8

sup
f∈B(g,λ8 )

1

n
|
n∑
i=1

εi(f(Xi)− f(X ′i))| ≥
λ

2

∣∣∣X,X ′ ]

≤
∑
g∈Cλ

8

Pε
[

sup
f∈B(g,λ8 )

1

n
|
n∑
i=1

εi(f(Xi)− f(X ′i))| ≥
λ

2

∣∣∣X,X ′ ]

≤
∑
g∈Cλ

8

Pε
[ 1

n
|
n∑
i=1

εi(g(Xi)− g(X ′i))| ≥
λ

4

∣∣∣X,X ′ ] By (21.2)

≤ N1(
λ

8
,F , P2n)2 exp

{
− n2λ2

32
n∑
i=1

[g(Xi)− g(X ′i)]
2

}
Hoeffding

= N1(
λ

8
,F , P2n)2 exp

{
− nλ2

32

}
(21.3)

3. Take expectation w.r.t. X,X ′ (get rid of the randomness of N1(λ8 ,F , P2n)).
Combine (21.3), (21.1), we get

P{||Pn − P ||F ≥ λ} ≤ E[N1(
λ

8
,F , P2n)]2 exp

{
− nλ2

32

}

Remark 21.6 How to bound the random covering number?

1. Bound it by N∞(λ8 ,F), where ||f − g||∞ = sup
X∈X

|f(X)− g(X)|. (HW 6)

2. More generally:

Theorem 21.7 Let F be a class of functions taking values in [0, B] with VC dimension ν.
Then for λ < B

4 , p > 1 :

Np(λ,F) ≤ 3
[2eBp

λp
log(

3eBp

ep
)
]ν

where Np(λ,F) is the λ-covering number w.r.t. Lp − distance : (

∫
|f(X)− g(X)|pdP )

1
p

21.3 Good to Know

21.3.1 Measurability :

sup
f∈F
| 1n

n∑
i=1

f(Xi)− Ef(x)| is measurable under the assumption that F is separable.

Definition 21.8 (Separability) A class of function F on X is separable if there exists a countable subset
F0 ⊂ F such that ∀f ∈ F , ∃{fn} ⊂ F0 satisfying

f(X) = lim
n→∞

fn(X), ∀X ∈ X
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21.3.2 Talagrand’s Inequality for the Suprema of Empirical Processes

Theorem 21.9 Let F be a class of real-valued function such that f : X → [0, 1],∀f ∈ F . Then, for t > 0
and σ2(F) = σ2(F , P ) = sup

f∈F
V ar[f(X)]:

P
{
||Pn − P ||F ≥ E||Pn − P ||F +

√
2t

n
σ2(F) + 2E||Pn − P ||F +

t

3n

}
≤ e−t, and

P
{
||Pn − P ||F ≤ E||Pn − P ||F −

√
2t

n
σ2(F) + 2E||Pn − P ||F −

t

n

}
≤ e−t

Remark 21.10 We can bound E||Pn − P ||F by Rademacher complexity of F .

Next Time: suprema of sub-Gaussian processes.


