36-755: Advanced Statistics Theory 1 Fall 2017 Nov. 15

Lecture 21: VC Theory for Functions
Lecturer: Alessandro Rinaldo Scribes: Yufei Yi

Note: LaTeX template courtesy of UC Berkeley EECS dept.

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

21.1 Extension of VC Theory to Functions on R?

Lemma 21.1 Let F be a class of real-valued function such that f : X — [0,1],Vf € F. Then, for X, X;,i =
1,...ne X:

||Pn—P||f:;ug|jl§jf<xi>—naf<X>| ap 1ESTH0) > 1 - B > 1)
€ i=1

n
feFte(o,1) i

Proof:
Recall : X:/OOOH{X>t}dt , EX:/OOO]P’(X>t)dt
Fix f € F,
ilif(X =1 [ Zﬂ{f ) > 6} = (XD > 1t
<[ f\i (4 (X0) > 1)~ B{(X) > 1) |
< sup sz {f(X) > 1) = P(7(X) > 1}]|

tefo,1] 1

< sup I*ZH{f ) >t} — P{f(Xi) > t}|

n
feFte(o,1) iy

Remark 21.2 For f € F andt € (0,1), let

Ap, ={X €(0,1),f(X) >t} and A={Ap, feF,te(0,1)}

Then, [P = PllF <] sup [Pa(A) — P(A)]|
AcA
The VC dimension of F is the VC dimension of A.
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21.2 Approach Based on Covering Numbers

Definition 21.3 (Review: §-cover and J-covering number) For § > 0, a §-cover of F w.r.t. metric d
on F is a subset {f1,...,fm} C F such that Vf € F,3i € [1,..., M] satisfying d(f, f;) < . The d-covering
number of F w.r.t. metric d is the size of the smallest §-cover of F.

Definition 21.4 (Empirical Metric d1 p,(,)) For X1,..., X, i.i.d. ~ P and f,g € F. Define

le f7 Z|f )‘

Notice Eldi,p,(f,9) /\f X)|dP, (Ly distance w.r.t. empirical measure)

Theorem 21.5 For A\ € (0,1),

A nA?
P([[Pn = Pllr 2 A) < EIN(g, F, Pzn)} eXp{—f

where Nl(%,]:, Pyy,) is the cardinality of g-cover of F w.rt. di,p,, (f,9).

Proof:
1. For A € (0,1), if n > 3%, then
A
P{Hpn_PH]:2)‘}§2P{|‘Pn_P7/L||}'Z5} (HW6)
<2EXX/{ [ sup\Zez X)) M > 2 ‘X X’]} (21.1)

reF o

2. Discretization:
Let C% be a smallest %—COVGF of F w.r.t. metric d; p,,. Then,

\CA|7N1( ,F,Py) and  Fc |J B,
QEC%

)

A
where B(g, g) ={feF,dip,(f,9) <

Notice that for any f € F in B(g, %),

| >

(21.2)

LS IR — g0+ - IR — g(X)] <
i=1 i=1
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Then, (21.1) is upper bounded by

n

1
PE{ sup  sup f|Zel X;) N> = ‘X X’]
QGC/\ feB( g,8 n

< ZIP’G[ sup l|iq X;) — |>7’XX’}
—1

QGCA feB(g,

<Y [4267 M =2 ’X X’} By (21.2)

gEC%

212
< Nl(g,]:, Pzn)ZeXp{ - - oA } Hoeffding
32 ;[Q(Xi) —g(X))]?
A nA?

= Nl(g,f, Pgn)2eXp{ - 3—2} (21.3)

3. Take expectation w.r.t. X, X’ (get rid of the randomness of Nl(%, F, Pay)).
Combine (21.3), (21.1), we get

A nA2
P{||P, — P > <E —. F. P _

Remark 21.6 How to bound the random covering number?

1. Bound it by Noo(%,F), where ||f — glloo = sup |f(X) — g(X)|. (HW 6)
Xex

2. More generally:

Theorem 21.7 Let F be a class of functions taking values in [0, B] with VC dimension v.
Thenfor)\<§,p>1 :

e 20

where N, (A, F) is the A-covering number w.r.t. L, — distance : (/ |f(X) - g(X)|de)%

21.3 Good to Know
21.3.1 Measurability :

n
ﬁug |L > f(X;) — Ef(x)] is measurable under the assumption that F is separable.
eF izl

Definition 21.8 (Separability) A class of function F on X is separable if there exists a countable subset
Fo C F such that Vf € F, H{ fu} C Fo satisfying

J(X) = lim [,(X), VX € X
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21.3.2 Talagrand’s Inequality for the Suprema of Empirical Processes

Theorem 21.9 Let F be a class of real-valued function such that f : X — [0,1],Vf € F. Then, fort >0
and o*(F) = o%(F, P) = sup Var[f(X)]:
feF

2t t
P{I|P. - Pllx > E|[P, - Pllx + \/nUQ(H +2B[|P, ~ Pllr+ 5} <e™', and

2t t _

Remark 21.10 We can bound E||P,, — P||# by Rademacher complexity of F.

Next Time: suprema of sub-Gaussian processes.



