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* Lp Convergence

A sequence of v.r's EXnl converges
in Lp

, pe ,

↓ a v .
r. X when

11 Xn-XIp -> 0 as n > a

where
, for anyr.w.

Y
, is

Yp

(E [1yi]) -> it is a norm over

p- integrable rvis when

p = 1

· When p = 2 this yes the mean squared error criterion
.

Specifically, suppose you are interested in estimating a

parameter A using an estimator In la fruction of

your datal.

An is consistent when On 1 A

D
The mean-squared error criterion is

"En-All = E(E-Al"] = Ce - ])" + Efen-E]]]
blas" t verance



& Remark : we can extend up convergence
to the case of

-

p
= a by defining :

-
2

r .
V.

1 Y110 = inf [ceR : 1P(Yx) =b)
↳ essential supremum

· Few results (see any
book on probability/analysis for proofs) :

1) Minkowsk inep :

1 X + yHp = IX10 + 1449 ↑so if X
,

Y =Lo

so if x+Y]
you can show this using using the "Cr-inequality :

k- 1

If my =IR
(x+ y /" E

2 ((x) +191) +31

(x) + 14104/4/

ii) Holder inequality :

X = Lp Ye La p . 2 are conjugate

then * + + = 1

XY -4 and 11 XYII
,
1X1p 11 Yla

The notable case of p = p = 2 is known as

Lauchy-Schwartz inequality :

E(Ixy1] = ]Nig

T Ascle if Ky
ed (x+y) = 1xxxy1]

also Couchy Schoertz

②



The proof uses the inequality :

aube
(ab)= Paq conjugate

and Jensen's inequality : If f - R -> IR is envex

then ↑ ([X]) = E [f(x)] provided EL

[ If g is concave · (E(X]) = Ef(x))]
becausef is convex of-f is concave

Application of Jensen's inequality : if 1P19 they

11 X1p = 1 XKg

/ Exi] = e[ )

- (E((X( **)(" becauseps
Jensen x30

is concave

= (ETX ,:])
↳

11XII011XKa

· L convergence implies convergence in probability.

This follows from Marker's inequality :

7 If X50 then P(XIS) -E so]
S If EXn) is a sequence of rivis and X V. V

.

then FESD

P(Xn-X12s) = Amo-



[ X
., X ...

(M ,e)

↳he from some distributin with mean r

and variance az

P

claim n = ↓Xi > u WLLN

IP) (Xn-ulsa) E(n-u)] =m
[2

V

Chebyshev =inequality z
as n -> J

· Lp converge does not imply or is implie by Convergence
up I

· Examples :

1)The typewriter sequence : it converges in Lp Kpz/

but not up
1

1) Let Un Uniform 2011) and for eacha let

xn = fn(u) = 20 f x1/n

t · therwise

So Xn-> ↓ up 1 but ↓ ELp Kozl

or

oV = Yn

Sx = f(u)= otherwise

1Xulip = no" -> a for pai

but X-
Bo

&



aka

= Convergence in distribution (weak convergence)

This is the weakest form of Stachestra convergence .

· Recall that the colf (cumulative distribution function) of a
vanobm variable X

over R is
the function

ac( => P(X=x) = F(a)

# has the following properties :

1) it is non-decreasing

~2) It is right-continuous with left limits

hm F(u) = F(x) Iom F(u) exc F(x=)YVx y Fa

een)In Ecle in Im F(x) =1

x-> +c

In fact , any function over R with these properties

defines a probability distribution over I
.

· In MP the nation of calf is analogous. TheColf Ex of

2
vansm rector X in 1R* is

the functor

a = Try F=
In fact , properties 1) , en)F(a) = P(XA)

provided that
,

for
, yeR",

and eer) still hold

=Y means Rizy ; j

⑮



A function # on IRP satisfying properties e)
,
e) and

obes not necessarily define a probability distributin
rx)

on 1? We need another property :

Let A
=

(ai
, bi] be

a rectangle in
let

a
saibices j

In1R2 If F is theolf of a vambm rector
, say X

,(a,br)
M

&

(
,bz) IP(X (A) = F(b, b2) - +(br xz) -F(a -,bz)be

-......
da

(a, 22)
26

,, az)
(x)

+ F(a -at)30
2

&, b
,

If F satisfies properties v)
, ne) and ear)

,
of is

not truefhaton expression line the one above is

Durrett non-negative. Example :Theore
I n

,, x23/Rata F(x =, az) = S 213 2131 1x2 = /
&

extron 213
Th n2, o = n

, 1

S D otherwis

·.
&

· ↳
X

&

D

For stpl) expression (*) evaluates to

1 - E - E +o = -113 when ⑨21 = az =
1 - E

h = 42 =
1



To fix this we make the accompton that
, for any

rectangle A = (aj , bj] a caja bjc + y

"del of Ay
it &

↓

A ↳A
SaF : = Er spn(r) F(v) -0

in) ~ vertax
&

20 vertices of A--
# aj's in v

where
, for a

vertex v
, san(v) = (1)

Then properties 1)
,
er) , eve) and nu) quarantee

thatF defines a prob distribution on IR%

EX1}

&
Definition : A sequence of r.

r
. Cor rectors) with colf's

& En3 converges in distribution to X
,

with out F
,

when for every
ceIR" st. # is continuous

-

at c
,

Fn() -> F(c) an -> a

IP(Xn(x) + P(X)
↓

element-wise D

&


