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# convergence in distribution (weakest form of stochastic
convergence)

A sequence of random rectors in R"EX1] converges

in distribution (or weakly) to a random rector X

when
,
Fue s .

t. #X is continuous at a

of
"
of X

Same
a

Xn -> X

3 0= Exn(a) -> Fx(x) as n => c
.

Xn = X (

colf of Xn

XnmD X

[ pointruse convergence of [Fx13 at all continuity

points of Fx]

Remarks 1) This definition does not impose any restriction

on the joint distribution of the Xn's

aut of X A
For example Xn = (1) z ENN(01)



d
and XwN(9 . 1) then An -> X

up

but Xn ** X no *n X

-2) The fact that Xu and X hase

similar cult's obes not mean they

take on simler values· In above

example Xn ~ NC .1) and X-N(1)

but in general (Xn-XI can be

large

Examples : Let E be the calf of NLO . 1) and let

Fn (x) = D x = -n

1) S &(2) - b(- n) -nx-↓ (n) - b(-n)
x31

↓

Then Fa -> & point a

S
&

as- 4

-v) Fr (a) =
&(a) -n - xLy

L nI
U

neither continuous wor discrete In -> D

②



The restriction that converge takes place at all

continuity points of FX only is necessary !

Example
Xn =

SE Up noda

1 + tEof ya

It is clear that , for larger ,
Xn Bernoull (12)

a

So we would like to say that Xn -> Bernoulli(e)
That is in fact the case. But for n = 1

Fx (1) = [ ren

↳
Exn(1) des not converge !!

That is on : 2= 1 is a point of discontinuity of

the af Bernoulli (12)

Result : If XnE X then Xn & X.

-> small

Pf/Xn-X means that , taso
S

1P)(Xn-X(x) -> of 10.

= [xn = a)
So
,
for anyaeR ,

-

P(X(n- ) = 1)(Xza -331((X - X(zs]) +

- |P)(X = a-3n[(Xn - X(xs)
P(a) =P(ARB) + 1P(A1) -

- E(n-X132]
⑬



= P(Xn =m) + P((Xn - X(x)

↳

() P(X = n - c) - P((Xn -X() = P(Xn =a)

Similarly,

(x) IP(Xn = u) = PP(X(n+2) -+ 1P((Xn
-X(x)

BecauseIm int iP(IXn-X1 >) = Imap 1P((Xn-X(2) = 0

Inequalities (*) and ) imply

IP(X = -c) < ImigIP(Xn = m) -> knap #P (Xn = x)
n

! = PP(X(n+2)

Let a do to get : ↓
as Evo poes

to

asato goes
to

↓

↑ (X (n) = Im igIP(Xn = m) = knap((m =) + (X = a)
um

- Fx(x)
Ex (x-)

If a is a continuity point of Ex
,
Fx(a-) = Fx(a)

So,

Im Fr(x) = Exca)
·

n-x *

⑪



Schematic of stackattia convergence :

wp 1 Lp
Xn -> X Xn - X

↳ ↓
Xn = X

↓
d

Xn -> X

Result: If * & X where X is degenerate
(non-random (

then X- = Y

P Let call X n [i ie . P(X =x) = 1] They

we want to showe that IP (Xn-ul >s) ->>
->
Small ↓ [20

Ex 320 . Then

IP((Xn - x((c) = (P(Xn = a-) + P(Xy = x+a)
-

1 - P(Xsx +c)

= PP(Xn = n - c) + 1 = P(Xn = a+ )
-
->/

-> D

->a
#

⑤



Remarks : If [X] TX] then
we can concrea

Y e I

joint weak that * =X and Yo -> Y He !
convergence implies

week convergence However
, If Xn* X and YhEY

,

in
of marginals
but not the other general we cannot conclude that

way around

[i] In [Y]

Example Let Un Warform (or)-

Xn =
U all n

Yn
= S

U U odd

1 - U n even

clearly Xn- In v

But ↑xn] obes not converge ofl

· Ha
m

u

-1) Let En be the cult of Uniform(-n ,n]

Does Fu
converge ? No !

The issue is that the mess is too

⑤



dimensan
↓

About 1) : when d = 1 take A = (- a, x]

then IP(XnEA) = Enca) and

P(X = (A) = P(X = a)
which is = 0 when a ise continuity

point of Ex

More generally : X is a discret uniform on So, , . . ., n - 1
d

Then # -> U where Un Uniform (or)
N

A = [0 .. ]1 in
then PP(XneA) = /
but |p(VA) =0

P : explain why condition v) is not volated !

HW

Continuous mapping theorem :

Let f :R" -> M and let X be a random rector

in Ra 5 P(XEC) = 1 where C is the let

o continuity points of f Then

Xn = X = f(x) = f(x)
where means up 1 or in probability or

in distribution .

: If t is continuous this is trically true

⑤


