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* Portmantesiv Theorem

The following conditions are equivalent (we arey

1) Xn = X

1) Eff(x)] -> E[f(X)] for all

bounded and continuous functions

f : R
*
- IR

enn) limit IP(Xn = G) = IP(X + ()

for all open sets G

mr) himsu(P(Xn(k) = P(X(k)
for all oused sett K

1) IP(Xn = A) ->
P(XA) for all

(Borel) Sets A s .
t

.
1P(XA) =o

GA = 11A:
D



Continuous mapping theorem : CMT

Let f :R" -> R and let X be a random rector

in Ra 5 P(XEC) = 1 where C is the let

o continuity points of f Then

XnX = f(x) = f(x)
where * means up 1 or in probability or

in distribution .

: If t is continuous (meaning continues at all

points in its domain
,
which contain the image

of X) .

the CMT automatically holds
.

d

Pf We will prove that Xn-> X imples that

f(x) f(x) [If P(X)= )

,

2 the set

d of continuity points of
-

see van der
-

+ ]

heart
, chapter I a is a continuity point of f if

2.
↓ Eeen3 st .

an -> n
, fleal -> f(x)

small

O #So = : = &(2) st - In -y1 d

-> Ifcal-fes12 · ]
Use Portmanteaus the .

Let k be a

abse get in IR
.

& f(x) -> k3 =&X alok2



Then
,

I claim ->
I is

the chesure of A

↑
"

(k) - (k) - +
" (k) vc
-

To see this ,
fore ef"(k). Then

Sans c (k) sit · un-> and

fleal -k all n If n + C then

flu) -> f(x) -K because K
is closed

.

otherwise a C? So

limax IP (f(x)ek) <Imp IP(Xn = Fr)
N

TM
-

by Portmental IP(X
= + (k)

(v)
part

= IP(Xf" (k) + P(X =c)
u

Il = O

by assuptor

=
IP(f(x) = k) .

So IseP(f(x) (k) = P(f(x) =k)
n

all closed sets K
.

So by part (iv)

of Portmantean Tun
,

f (xn) ↳ f(x)
#

⑬



Example : we needf to be continuous /up 1 wit to distribution
of X) -

Let O + Y with prob 12
Xn = S

o - In 1/

bounded
↳ d

->
but not

Xn -> & Let fin = 150 >03 continuous

but
f(x) f(x) is degenerate at 1

Exemplequent : X
,

X
.

. .

" (n, 02) They

will see That d

in =
-) > N(0 . 1) cht !

Then #ni2 XY

# characteristic functions

Powerful analytic approach to demonstrate convergence in

distributin (and prove WLLN) and to
prove CL4.

and
See Ferguson Chapter 3 or von der heart

Secon 2
.3

Definition For a r.
v- XIR

,
its characteristic

-

function is :

t = R"
= Yx(t) = E [mxp(i ++x3]

= E[cs(t+X) + i sin(t +X)]
⑪



The oh
. f - of a randm variable encodes the properties of

its distribution

-entinoutyTheorem /Ferguson Thm 3e)

1) * X If (xn(t) -> yx(t)
At Ra

en) Moreover If UXn(t) converges pointe to

& function , say I , continuous at o
,

then

4 1 the ch.f. of a ramba verable
, say

X
,

5.X .
X+ =X

unt X Y If Yx(t) = yu(t) #z Ra

Remark Y If Zv No (u
,
4) then

-

Yz(t) = exp[itn - t ]

Let's use chef. to prove WLLN .

Recell Taylor series

expansion formula
.

Let f : R
P
-> IR and assure that has (+)

continuous partial derivatives at all points in an open

Set (
&

Let 2
,

20 W S.

t· the line segment

ano C U
. Then

⑤



f(x) = f(x)+ D(x
,

m - x) + Rem
u

d
· (nx - x.1)

where rh =T ER

DMf(r , h) = E [x) his hi --him

vizizzis1 ... in
Okie-- -Oria

Sween m =1 D
*

f(x
, h) =

h
*Tfle

n = 2 K = h
" Mf(ao) h

k= 3 2) J Mf() , hahah >

"

I
and

Rem can be expressed as

(k+1)
Lagrangian i) (

!
Df (2 ,

n - xs) some zon
-

xxo

I

Integral ii) I (D* (in + 1 -+ no
,

x - no) d +

D

Back to ch.f. to prove WCN : X
,, Xe

, ..

d
from

a
distribution with mean u = e[X,]

.

Then

In=Xi

Pf/Yx(t) = Yx, +x+... +
x(t/n)

①



by
nslep. ex (tm)

because

= (Yx() xili

(Notice that T(o) = in Exercise (
= (ex(0) + (Enyx(++x)a +)

"

Il
I

1

So

Ha Yin(t) = (1 + jny( ++m)dy)"
n -> co

[ fact In Itan)" = ex many of
a ne]

= exp [In J yxit ona
Dominated E

Tim

convergence = exp[EXYx(c)3 = exufrY
Y

chf-of a degenerate riv .

at u
.

· By Continuity Tm Xn & e
.

Therefore In Ev

&
#



#Kramer-Wall device) Let EX, 7 be a

sequence of rovis in RP· Then

d
Xn -> Y If t

Xn2s +X

↓ f+ -
Ra

Sore random
Vector

Recall the example from but Tire

Xn = U ~ Unform (011)
n evenun

= S , u odd

Then even though[] XnU

In u

Use Cromer-Wold with to [17 · They

to T 52
n even

add

which obes not converge .

S


