
· Result of XnE X and Yn-Xn :0 ,

then

Yu Es X.

Pf Let * be a closed set. Want to show

that him ap IP(Ynek) = P(xk)
4

/Portmanteau , part (iv).]

We have ,
for arbitrary swel,at

sets [Yn + k = (Yen] 150(Xin) = (3) v

theseevents
(5Yn + 4315d(Xn ,4n)x54)are

- [d(Xn , k)< < ] USd(Xn , Yn) >23
-

where d (k , x) = infd(acy)
↓ ↓ d Yek

Obses point in
IR

set

in Ro
Ex : d(k, a) = &]

Therefore ↑

p(yn = k) => P(X ,=ka) + 1(d(Xn , ya)>s)
↓ ↓
desee

->as nates

↓

Imsup IP(Ynek) < Imp IP(Xn -> kc)
M

- IP(XKa) by Portmanteau

part (i)

We now letado so that P(XEKs)

②
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· Last time : Op must
of

rotation
. Usefulrotation

for asymptotic calculations.

· Example : X
., Xa, ...

10 (e
,
&2)

,

Then

al I N,

↳
m (Xn -u) = Do()

↳ (n- m) = Op()
The last statement implies Xn-u = p(1) HW !
which the WLLN

.

But we also get additional

information
, manely that

,
by inflating Xn-e

by a factor of i ,
we obtain a sequence that

is bounded in probability .

I



· Rules for Oplop -calculus ,

Sum of a fixed # of
· -(1) + op() = (1) ->

terms that are op (1)
is also op (1)

· Op(i) + Op(1) = Op(1)

·Dop() = op(1)

&
p Jo0(1) = op() = op(0(1))

· (top())" = Op(1)

·

i

~ what can you say
about this ?

· Last time I remarked that of Xn =Op(1)
we cannot conclude that Xn anything

I only happens aloup subsequences .

o
Prokhorovs Thm : 1) If Xn -> X then Xn =Op(l)

↓
bounded in prob .

or

we) If Xn = Op (1) then Light

= EnaSan , ...

Si

Xou E> Y some Y as Kee

&



* CENTRAL LIMIT THEOREM

b
Basic Form : Let X,, Xe, ... Cu , &) m

IR

↑ ETX1] =ut" and E[ (1 -u) (Xi-u) 7 = 30
all i ]

They

↓
(x-r)
I No (o , 2)

Un
Ou

in (n -u)

if Use ch . f.'s ·

Let XEX: all I, and let

teR" 1-> Y(t) = E exp[at(X-e)] the chof of X-u

then,

Yone)(t) = 4 x -e)
(tm)

Step Yx- (tm)
Xis

because

eve
volentially= (4(t/ra))

"

(A)
distributed

Next recall that y() = 1
,

Myco) =

-e[x-m] = 0

Hession Myc) = i2 = -&



By Taylor serie expansion of 4 (tru) around 0
.

N

(x) = ( + iEM(0) ++ty((t)
M
-

= O

= (1+h e Stecet)eu + ]
"

-
an

Next

an -> -& Sint = -Et
2

↓
It is on to bring knit -

↓

ruside the integral

Because (1 + in)" = expehumans if limitexest

here (n=

↳ & razra) (t) -> exp[-t
+Et3 as moss

↓
ch . f . of N(0 .4)

ByContinuity Theorem for chot's

m (xn - m) = N(0, )
#

S



· CLT : triangular array version. A triangular erray

is an infinite collection of rvis &Xin
,
en]

organized in this manner :

X-1

X22 X 22

X1
, 3 X2

, 3 X 3 .
3

!

X , n Xan Xen .... Xin

:

&

The rows of the array consist of independent r . v . 's
.

The Lingeberg - Feller CLT:

Let EXen3 be
a triangular array of revic in IR.

sot E[Xin] = 0 Fin
.

Let

Sn = Xin and Bi
= min where

1 =1

in =
Var [Xin]. Then

N,
If the LF (Lindberg - Feller) condition
-small

(LF) Easo ↓ & E [Xin 1EIXin/ >Bn3] - x

2

Bn i = 1

is met
.

⑤



Conversely , if N(11) and of

asympienegligibility emax 24

unifsum 1 = ! -- M
-> o as n ->

8- -

Bu

then (LF) holds
.

· often
,
it is easier to establish 2 CLT via Lyapunov's

condition

HW ! - Ei ->

↓
some 53

.

it requires existence of
This implies LF

.

moments higher then 2
.

The mutivariate case.

Consider a triangular array of centered ranism vectors in

Ra with2 moments (Cor [Xun] exists tain).
Let

Trin = cor [xin])"Xi
Then

, if

((F) Faso
,
In [ 1Mil]

Yin b N(e
, Fa)

⑧


