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· HW1
,
P2 (2) : we need extra assumption ,

e. g.
1Xn1 &

↓ for all n
,
with probability 1.

now bonus

problem ! ) boundedness assumption)
It can

be relaxed, e . g. by assuming

e finite 4th moment and using

Paley - Eygrund.

· In the proof of Glivenno-Cantelli
,

we set

Ai = [(F(xi) - Exca)/ < S
,

eventually]
-> The st .

the inequality is
true

↳embu ! for all Sui

Since IP(A1) = 1 ok
-,

IP(1A) =
1

rebbe

& vi I st
. (cul-E)( all unit

D



If there are finitely many i, take n" mexin

↓
ranibm

· Lost time : Lp convergence

up

Xn -> X
means 1) Xn-XIp -> 0 as

n -> 9

↓

1zlp = (e(1z10]) "P

p

p = 2 is the most common
, gives mean savared Cosu

Convergence

· Properties of Lo spaces /the Lp space is the space

of all U .V : s X s .
t .

11X(p(a)
-

1) X
,y(p X + Y = L C - inequality

because for everyx,ysIR
(x) + (y) op < /

(x+y/p[ [ 2- (1 + 1910) P=

2) Minknuski :

6) x +Y1p = +IX(p + 14kp

3) Holder inequality :

If XeLp and Yang where 0 .931
are conjugate

then

X YELI and * + t = 1

D



1XY1I
.
[ IXIIp 11 YIlg

When p =g = 2 this
is known as Cauchy-

Schwartz

E[IXyl] = ENTE inequality

9) #1 Sp = q then IXIIp 111 XII9

Proof uses another important inequality :

Jensen's inequality : off is a convex

6) function then

Eff(x)] = f([X])
f(xx + ( -x(y)xf(x) +

(-x(f(y) assuming
2 + [a1] #[IX1] < 9

If t is concave

E [f(x)] = f(ET))

5

/xi) = e[" ]
byJensen

S

= (E[(Xi +])
+

because
P/q

n> 11 IS

" concave

= E[IX11]
and we are done !

⑬



Recall Last time we define the La norm of X

as
1) X IIs = inf(2 = P(X() = 03

essential sepremum

You can shor that

NIp F NXIIa as
p to

Exercise

· Back to
convergence : to converges is stronger

De it imples ( convergence in probability :

IP)(Xn-X1*9)xi
↓

arbitrary
o Markel's , ned

[>D IP (X12) .

E[X]
E

up I X20-Va

· In general , up convergence and -> 2)e

↓ not imply each other. Examples : let

( xn = fn(u) = 2
o out

UnUniform(,1)

- U11

They

X but @Lp any p

2) Xn
= ga() = 2

o V = +

hVi

* Wo butIXallp = no" -> a

&



# CONVERGENCE IN DISTRIBUTION OR WEAK

CONVERGENCE

· Weekest form of stechetic convergence .

↓of Let [x] be a sequence of ransm variables

and X a random variable taking values in R
.

Let Exn and Ex be the self of Xn and

X
,
respectively .

XnX
Xn converges in distribution to X

,

of
S

XnmX

when for every maR st.is continuous

at u
-

Im Fxn (a) = Exa

Remarks : 1) this notion obes not impose any

restriction on the joint distribution of

EXn] and X. So
, recall the

examples from last time :

Xnw Bernock . ( * )
Xv Bernoull , (12) then

Xn ↳ X but we cannot say

anything about convergense in

prob

Similarly if X = 2 NN(ei) and

⑬



Xn = zi)z
then Xu = X because

Xn X

but XmX

2) Xn & X means that Xn and X here

the some distribution and so
, from the

point of view of convergence in distribution,

they are identical. But their realization

can
be very different.

3) The restriction that Exncal -> Excus for

a continuity point of Ex is necessary !
↓

Im Fxcy) = Ex(x)

y - x

with prob

Example : [
112 N odd

112

X1 -

12

Sm N even

Xn Xn Bernall (12)

Take a =
1

,
note continuity point of Ex

They Fxn() = Eicol So

⑧



Exn (1) does not converge .

4) convergence in distribution is quita general .

Fink)=S
I

xc - n

x > n

# colf of N(0, 1)

Xn zu N(a)

· Recall that a colf F is a function st

I non-decreating and non-negative

2) right - continuous Im F(y) = F(x)
If a

with left limits Im F(y) exists (F(ut)
y7x

3)h Fly) km F(y) = 1

y -> 0

Then F
is

the colt of a random variable

say X St forenly
2 - b

P(a(X =b) = F(b) - F(z)
PP(X((2,b]) D



·

Let's are representations of prob measures .

· In RP, if X is a random vector they

one can define itsof as

Fx(k) =
P(X = x) IRP

↓

elementale inequality :

* (i) < x(j) Fj= --id

a =
carm)

= IP)[X(i) (i)

#
It is not difficult to show

that Ex satisfies properties (12) and 3) above

provided that is token element-wise

(b .e -

of a==]
· A function on IRP that satisfies

2 means(i)all (
properties (

, 2) and 3) howeverobes not necessarily

define2 prob distribution !
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orarea=
x
, x23

S 2/3 2, 21 of X24)

213 2231 o
< &1,

& ·
therrse

E Let A = (2 ,

b
,] x (22. b2]

· I a

If X has of F
-- >

Nr
& Then

D

abe
bibe o P(X(A) = F(b +,bz) -

F(bc , x2)
/

· - F(abz) + F(a , 22)
niaz" 22

,
bi

&

3. If F is a colf the above

& bi quantity o

-
small

But takea = d2 =
1 - E

bi = bc = 1

The expression above evaluates to

1 - E - 3 + a = +7

9


