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= Last time : convergence in distribution or weak

convergence

↓ or vague convergence

· focus is on convergence of the Ou weak" - convergence

distribution of Xu rather than
-

The realizations of Xn
.

Example *Yo Bernoull ! (P) then

X &Y so
, if Xn-Bemoul. (p)

-

& XuBernoullicp
-

Xn2X

regardless of the joint

distribution of the Xis and

X

· Let XER" be e vanibe restor and Ra

The function -

xcR" -> FX(a) =
1P(X = a)

D



is the colf of X
,

where I is intered

to hold element -unle [I . e
· n =& and

3 Pl may means msgallI j = 1 - - , d]

Properties of colf :

:i is non-decreasing (wrt partial order

=)
↳>

a cy => F(u)F(y)

ii) it is right-continuous and has left limits

Im F(y) = F(a) Im F(y) exists

98m giu
=F(x)

ve) k F(y)= In Fl]
y -> c

Wheel d = I let consider the interval

SER : a <neb) A = (a, b] -<
b ad

--

Then P(X (A) = F(b) - F()

I
~

When d = 1
any function F with properties

1) un) and eat defines a prob -
difrigten over

tR
.

&



· Whendzi this is not the case ! Last fire

we sawa counterexample of a colf-line

function thatessigne negative probability to

e set.

We need an extre essumption .

Let

A = ( ,
bi] -

ocdi> biso

F j = x - cd

rectangle in

a dis
When d = 2

They↑ ↑(X(A) =
Fx(b+ be) -Fx(bi2z) - =x(a ,b)

↑ Ex [ac ,dr)
h ↓

For a colf-like function satisfying

properties 1)
, el) and is) This may

be negative
.

-

· To avold this Issue
,

we need one more constition

For A= (a , bi] let
j =

~ det of

* of F-SAF = E spncu) F(v) = 0

1) ~
,

vertex of VA
A

rectangles
where Son () = (1) #dis in

⑬



· Properties 1)
, en) , en) and er) guarantees

thatF is the colf of a prob distribution

· Def : A sequence of r. v . EXE with olf's

&Exn] converges in distribution to a

r. r .
X With of Ex when

↑ (Xnzu) Fxn(c) -> Fy(x) = P(((x)
d

pointere for all continuity points a of Ex .

convergence
↳

necessary repriement

&

· There : If XnE X then Xn ->
X

=>

PT/ b = 1
.

XnIX
means that WD

for any EXD P((Xn -X(x) - a

↳ small n-9

So for any
c. ER

,

IP) Xc
.-2) =
Pax2)

-

plasa
⑪



ALB implies
- P(Xu=) + 1P((Xn - X(x)

#(A) 1 1P(3)

↓

(m) p(X = c -c) - P((Xm -X(2c)1 (P(Xnx)

Similarly

( *) P(Xn (c) = 1P(Xc+ a) + P((Xn -X(x)

Recall that Init IP (IXn-X1 >2) =

N

Inc P((Xn - X1c) = 0

M

because XnX .
So () and *

IP(X = c . s) 1 lim int IP(Xe=) < Insu IP(Xn
Fx(c - c)

= PP(X(c+c)

Fx(c + c)
Next leta ve then

↑ (c- 2) ↑ Fx(ct) and #x(c+ 2)v Fx()
right continuityleft limest

↓

# (a) = kmiut Fxn() 1 knap Fxn(2) = Fx()

If < is a continuity pointof Ex
, then

FX(c) = FX(c)
,

which imples
⑮



hm Fxn(c) = Fx(a)
#

· Taxonomy of stochastic convergense :

urp / XnXXXn ->

↓
Xn2 X

↓ Pif X is degenerate

Xn-X

·There If Xn =
c ,
E

,

Then Xu
&

Pf ↓ = We want to shor that

P) (Xn-c/29) -0 for everywall

IP (1Xn-c( =) = ((Yn +-)+d
-

Cl of Fxn(c - 5) -> x

-

- = 1 - IP(Xn = c +2)
um

-

C
Fxn(c + (2)

->

O



->a as > a

*

· Remarms :
· Suppose [] [*7. The

we can conste that XnX and

Yn& Y

1.e . convergence of the joint imples convergence of

the marginals

· What if we only know that Xn-X and

In Y ?

↑ can we conclude that :

[ [i] ?

No Example : Let Un Uniform (011)

*n = V all n and

n obd
un = EUn even

Then Xn & V YnBU but

[] *

⑪



* LetIn be the colf of Uniform [-n , n]

Let ~ En
. Does Xn * >

S

Similarly if

where Cn -> aXn = < Evea
Xn ? No !

↓

We need a rather ofboundedness in probability ,

to avoid such issues

⑤


