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· Are the stochastic limits (re . up1 ,
b and 1) unique ?

Yes !
· For

,

let [x] be a rivis sot .

Xny aud Xnz

Then Y E
.

that is Fy = Fz
.

To see this

let Dy and D2 be the points of discontinuities of

Fy and of Fz
, respectively .

We know that Dy and Dz

are countable sets
,

anda Dy LDz
.

5 a IR\ (DyuDz)
↓
set minus [ALB = Al85]

#xn(a) -> Fy(a) = Fz(x) = F(x)

↳ Fy and Fz cinccole at

So now fore no Dy UDz
.

R (DyUDz)

Then => [an3 st- EnfDy UDz En

sof Inv m D



By right continuity of Ey and Fz

km Fy(au) = Fy(x)
,

In Fz(u) = Fz(k)
N

But Fy(an) = Fz(en) for all a becaus

↓ unE DylDz

hm F (a) exists = Fy(x) = Fz(k) = F(x)
.

· Total variation betweenI probability distributions
,

↑ and D in IR" is
Song

V (0 , P) =

s
IPA)-QA

"Borel sets

= S1 pc-p(xlde
iRd

If p and p are
the pot ofa

convergence on

· TV
is stronger that I

XnbX => Fxri(k) -> Ex(x) for all continuity points of
X

Pxn(A) ->Px(A) for all sets

A = (-, a] a continuity posit
of FX

and PXn(A) = 1P(XneA)

&



Xn X when Pxu) -> Px() for

(Borel) sett Al

* Portmanteau Theorem (see Vander Veart's book

Chapter 2)

· Let's call i week convergence

- see
, eg .,

Wesk

& convergence of proh,

measure by 0.
· The following are equivalent Billingsley

Can't equivalent to Xn-X)

1) #[f(Xn)] - E(f(x)]
for all bounded continuous real valued

functions

~ e) limit IP (Xn = G) = P(X = G)

for all
open

sets G

een) lima IP(Xn- G) < P(X(G)
N

all closer Sets G

iv) IP(Xne A) -> IP(XA) all Borel sets

A s .
t . PP(X + GA) = 0

↳ boundary

where GA= LA
-

closureof interraf
A

A :

smallest absed
set of all
-

set containingA pointsA

(intersection of all s .t . 7 B(x,5)
sets containing contained

A) in A.

③ openset



unco of
all open

balls

in A
About 1) : If A = C- a

,
x] and Ex

is continuous ata then IP(X-OA) = >

↳ this gives us the condition

#xn(2) - FX(m) for allcontinuity

points a of Ex

#emple : Let Xn be uniform on Ek ,
a, ....

nuch

Then
Fincal= Fy()

-x0 , 1]
-> rationals

Let A = [01]1 D
#of Uniform(ol)

# Xn = A) = 1 all y

but

&A = [01]P(XA) = 0

As anapplication ,
let's look out

·Continuesrepping theorem
.

Let f : RR"-R and

letC be the set of continuity points of f.

Let SXn3 be a sequence of Dr. st .

d
up ,up 1

Xn -> X

Then if (P(X c) = 1

trueof
/

↑ (X)
*

Pf(x)f is continuous

if only ofis part
.

Let Go be an closed

Set



In R and notice that [f(X) + G3 =

& Xn = f "(G)]
w

Next :

Sx : f(x)->G]

# +
*

(h)=(E) = f "(G)UC

to see the second inclusion
,

take=(G)

Then [mn] < FG)to un - and

↑ (an) -> G all n . If< then

fsun) -> f(z) -G because Gi obses [iifcal]
otherwise me <"

So

Imsup IP(f(x)e() = ums
IP(Xnef"(al

-

> Iman IP(Xn = FG)
n

butIP(X=(H)
by (4) ip(Xef" (G) + P(x)

bytion
=
iP(X = + "()

P(f(x) + G)
=

↳
we have shown that for everyclosed Let G in IR

Imp PP(f(x) + G) = IP(f(X-G) ③



By Portanteau part (iii)egain

↑ (n) & f(x)
*

IP(X c) = 1 is importantRemark : The continuity conten

letXn-D
Supporte aud

f(x) = 1923]

Does of mean f(x) · 1 ?

Not necessarily

Xa = go
+ 1

O- 12

Then XnIso but f(xn) & 1

D


