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· Today : minimax lower bound for linear regression

when the model is well-specified (i. e . linear)
and the coverates are fixed .

· See Section. 3.7 of Bach's book

· Exact minimax risk for liner least squares

Ans 8-
and the lower fail of sample coveriance

paper matrices by Jeorad Mourtada

· Recall that /if the model is linear and the coverates

are fixed) the excess rule of the OLS is

=E [15 -12)
↓

question : this risk any good ?
D

· Answer : yes ! The als is mininex optimal
(in there settings)



· Minimax Estimation : Suppose we are interested in

estimating a parameter
*

,
which is a functional

of the data generating distribution powe

will write this as A* A(PP) . (In
with random coverates & functional .

linear regression settingsWhe may take

A(p) = A* = E*]" ETE . Y]

and Po
is the distribution of ( , 4)

-XIR .)
· We also need to specify a collection I

of distributions containing P& ↓
Statistical

model

· Example if

=NXf

where · ~N(0 , In) then

Y~N(B* -In)

P
= [N( &B , In) ,

BeRP3

of ps N(ERIn) <P then

A
*

=A( = S

We call this model Perussian

②



If on the other handIn (0
,
02In)

nX/

PThen = & set of all distributions forwell

specified
Y st . E[T]=S

var[Y] = eIn

BEROY

&emerk ot isown

· of course Parussian < Precified

· In order to mesture hour well on estimator

& a measurable function of the data !) , say I ,
obes we consider its risk

R(5
.
(4)

① ↓
estimator target parameter

The estimatort is computed using an und

sample from PB =
In our case -
R(5

.
3
%) = E[15-342]

excess risk -
E[R(5)) - 82

~

R()
where R(M) is the predictive rash

③



R (b)=new-EB]
Thew e new draw from Po

· We say that an estimator is minimax

optimal of of minimizes

so - A(p)ii]
Pt( ↓

& (P) is
the regressbn

parameter for P

· Theprantity sample size

inf s /15-A(p)/] = RuwaxaT

X I PEP

for us where inf is over all eximators is called

Pis Pwell the MiniMax Risk for estimating A( .)specified
over 17

.

· For an estimator 5 of 18 let R*(5)

be st R(5
.
3= R(5)

Then is minimax rate optimal if

hmRSe
-)I ⑪



·S is sharp minimax rate optical of C =

·I is exact minimax optimal of

&(5) = Privnax
, n

Ihm B
,

the als estimator
,

is exact minimax

optimal for Comessian
.

It
is also

minimax optimal forwell-defined

Prop% For our problem we are interested in
a

lower bound on the quantity :

ima sup # 10o) [R (A) - orA BEIRP
↓

alporithm that takes-> fixed metix

as impots and
and returns a vector in IR

!

=>imcodN TRAESAL]-

↓
We have replaced sup by sup

PEPwest PEC
Gaussian

defined

⑤



- # R((A(Es+11)] - ~2
But-ErNnlenn)
↓

prior distribution

over
UP

# here is any distribution on M. Not a forma

Bayesianargument. We choose a prior that is

nathematically convenient. The pror for Sis

No (O In) where do

Then L, EB+ ) = RoxR" is

-

jointly Gaussian with mean OC"aR" and

covariance matrix

Id &
T

e I E GE-nEn] "
d N

Recall that

R (ALE + c) - e = 11 AlEB-BI
↓

↓
⑳



S we want to minimize art the abia of

A the quantity :

#
(8. 4) [11A(y) -S1] =

·

where (B,4) are jointly Gaussian

~SC "A(2)-BidP(s) IP↓
posterior distribution
of1 given y

A standard calculation gives that

B1Y = y ~Na(bx , (2 + xi)))
↓

ridge
estimator

where x = (+*)

Next

& NAP-BP) = Ey THAND-1)

⑪



=sin[18x-B]
↓

conditional expectation
ofS given

Y.

⑤


