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* STATISTICAL INFERENCEIn ASSUMPTION-LEAN SETINGS

Assure just that the pair ( . E) ~P.Bon IRXIRP
·

have each2 moments .
ETY2 as and

& ITE] is invetble

·
Then we ser that the projection perometer

&arg
E

= aremu
E/([418)- Es)]

Bet

=E
is well defined !
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· In particular1o satisfies the normal equations

[B* = T

· Using the theory of Le projections, this imples that

= [ (4 - ESP)E2]= [(ETB]-ES9)2] = 2

Vac

regressin functor

· So based on this
-

1 =Es[41)-10)
+ [[E)

E

M
-

non-linearity intrinsic

(= - if the mede
variability

is well specified)

=8
+38 +

M+ E

Importantly ↓ E(82] = E(m2) + #[s]
w

Variana
term

because

E[c] = 0

by low ofterotactation

②



en) 1 is orthogonal (in an La sense to

He linear spen of E :

# [M . E(i)] = 0

j = 1
. -- b

& is orthogonal to all rv.'s of the

form FLE) anyf sit.

var [f(b)] a
↳

E [s .1] = 0

· When the mode is not well-specified the distributionof

has be taken intoaccount because 10 depends on

i. This is of course no longer the cale when the

mode is well-specified (I .c. E[YE]=St)

↳ For a general discussion see Proposition 4
.
1 in

Buja of at. (2019)

· Take home mestage : When the model is not linear

we are facing on extra source of variability
, navely

the non-linearity !

↳> See Figure 1 in Buja et al .

(2019)
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*
· Revere : the issue is not just en increas in reviance

,

but

also the fast that the variance of
-> conditional

& end o given I depends on

#
-> variance not constant

.

· Assume n in pairs (ii) i=..... from
the inkneum data generatingdttribution PY .

We saw that we can eltimateSo usingOLS

= "i where

&= N-Y

Then E[B] ES
*

(it is if the model is

well-specified)

var [i] = E(var[5 ...en]) +V....
= o when the model

is well-specified ⑪



·I isnonetheless a consistent ettimator of So

=

P) Recall that I= ↑ Cassure thatene!)
So WLLN && = El]

↑5 N
=

E [7. #]

is ar - &" so bySlutsny's

-2" =18

&neve :
this is much more complicated in high-olim gettings

where d = d(n)
.

·
I for

· Recall : If I is random and the model is live

in (5-3) I No lo
,
oS(
↳
C=[T]

· To establish2 CLT forisassumption lear

settings , let's consider these quantities

Pi =
[ (4-SR) notputable !

i = 1 -
,
n ⑤



Them ="( -S)

Next
, & (5-19) =

i = &3

↳" in (5-3) =
m (P - &3 % )

=

· Now , E [H : ] = 0 by the normal equations

var Tuil = &"V &" where

↓

by na condition / v = var [ (4--Eiro)]

theSandwich veriance

·emerm of the model is well specified and

Ye-BB = see 10
,e) then

var [4 : ] =&
"

· So by multivarate ILT

No (o ,
Svsi)

↳ (3-3) Nola. &"vi)
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But &rn(i -10) - in (1 -1) = op()

because 2&"-Id) So by CMT

↳
m (5 -3% ( , [vi)

· Issue : we need to here e consistent estimator of the

Sandwichavariance. A natural entimeter is

the plug-in estimator :

&"-

where ↓ =(

· We need to show that

> "v8"

We already knew
that&"

. We need to

show that
i V

· We will first define

↑ (Ye- (not computable
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By win -V

So all we need to do is
to

prove
that

- 50

We have

↓ -=(1) - (1)+2.(c1)]

Next,a
=Hi(1)-E

by Cauchy
Schwart

-

=-1)/
- -
-

A B A

= A + 2A

Next by Cauchy Schwartz

- = [ ]115-101 is
-

↳ 30

& ETE11] which we assive to be

finite ⑤



As for B :

B-5 +r (Var ( (Y-Eist))) = +r (v)
also finste

By Slutsky's

A +2 -
>O

↳
For Large n :

in (B .39) = Nolo, vi)

· Remark : To carry out this program in high-dim

settines is highly non-trivial.
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